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Problem 1

[20 pts] Consider a system of spin-1/2 free fermions. In the absence of a magnetic field, the energy
of each spin component ranges from € = 0 to e = W, with density of states g(¢) per spin component.
In the presence of a magnetic field B, spin-up states receive an additional energy —upB and spin-
down states receive +upB. The magnetization is M = N, — N, with total N = N, + N| fixed. We
work in the regime upB, kT < e, W —ep.

(1) (2 pts) For T = 0, show that
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2) (3 pts) Write ep(pupB) =ep 4+ >.°° . £ (upB)". Expand to order pzB and show W = o.
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3) (4 pts) Calculate M to order ugB. Show that the spin susceptibility x = lim M/B =
Up 1 B—0
21pg(eR)-

(4) (4 pts) At finite T, the particle numbers become

D+upB D—upB
No= [ degletunBinee), N= [ de gle— upBin(e) (2)
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where D = W is the band cutoff and ny(e) = 1/(e#==# + 1). Let Ny(e f de’g(¢’) denote the

cumulative single-spin DOS. Show that, up to errors exponentially small in ep/(kT) and (W —

ep)/(KT),
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where Nén) (u) = d"Ny/de™ |._, and I, = ffooo zFe? /(e +1)% da.

(5) (3 pts) Writing p = ep + py okT + po 145 B + M2,o(kT)2 +p1.1(KT)(ppB) + Mo,z(MBB)2 + .
use N = NT + Ni to show
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(6) (4 pts) Show that, up to order (k¥T)?2, the spin susceptibility is
7kT)? Y g ()’
x = 2upg(er) + T | g (o) — R ©)
3 9(ep)



Part (1): T = 0 occupation numbers

At T =0, a state is filled if and only if its total single-particle energy lies below &g, p). For
spin-up fermions, a bare-band state at energy & has total energy & — pupB; the filled condition
& — upB < e means £ < e + pugB. Substituting £ =€ + pupB:

eptupB ep(ppB)
M= [T g = [T de gl ugB) (7)
0 —upB
For spin-down, the total energy is £ + upB < €p, 50 £ < ep — upB. Substituting £ = — ughB:
ep—mpB ep(ppB)
N= [T g = [T de gle—ugB) (8)
0 npB

Part (2): First-order correction to € vanishes

After the substitution in Part (1), N, = fOEFJr”BB g(§)d¢ and N = ng_“BBg(ﬁ) d¢. Write
EF(uyB) = €F T 5(;),“33 + O((MBB)2>. Then to order ppB:
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Since N = 2 foeF g(e) de is fixed, the coefficient of g B must vanish. Since g(ep) > 0:
V=0 (10)

Part (3): Pauli susceptibility

(1)

Using ¢ ; = 0, the expressions for N, and N, to first order in pgB become

eptupB
No= [ g€ = Ner) + sler)unB + O((u5BY)
0
ep—ppB 9 (11)
N= [ o€ d¢ = No(er) — glerIunB+ O((usB)’)
0
The magnetization is M = N, — N, = 2g(ep)upB + O((,LLBB)3), SO
. M

X = M;BBIILO B 2pp9(er) (12)

This is the Pauli susceptibility: at zero temperature the magnetic response is set entirely by the
density of states at the Fermi level. Filled bands contribute nothing because every filled spin-up
state is paired with a filled spin-down state.

Part (4): Finite-temperature double expansion

Since —dnp/ de is sharply peaked at € = p with width ~ kT, and both g and W — p are > kT,
extending the integration limits to (—oo, +00) introduces only exponentially small errors. Write
g(e + upB) =dNy(e + ugB)/ de and integrate by parts (boundary terms vanish since Ny(—oo +
ppB) =0 and np ) = 0):



No= [ g+ upBinpgde=— [ Nyt upB)GEde (13)
Now expand N,(e + ppB) = Ny(1n + (¢ — p+ pgB)) as a Taylor series around pu:
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Substituting z = (e — ,u)/(kT) soe—p=klzand —dnp/de = (1/(kT))e”“’/(ew +1)%
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which is the stated result with I, = ijo z%e? /(e +1)® dz. The derivation for N, | is identical
with upB — —ughB.

Since e”/(e® +1)* is an even function of & (verifiable via & — —z), I, = 0 for all odd k. The
nonzero values needed here are:

IL=1, L=— (16)

Part (5): Chemical potential expansion

N = N, + N, receives contributions only from even m (odd-m terms cancel) and only from even
n —m (since I, = 0 for odd k), so only even n survives. The leading terms are:

2

N = 2N,y (p) + ¢ (1) | (kT)? ? + (ugB)? | + O(4th order) (17)
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The n = 0 term gives 2N, (p); the two n = 2 contributions (m=0 and m=2) give g’ (1) (kT)z% +

: 1, :
(MBB)2] . Expanding Ny(u) = No(ep) + g(ep)(p—ep) + 29 (er)(u—ep)” + .. and setting
N =2N,(ep) at each order:

e Order kT and pugB: 2g(ep)py o =0 and 2g(ep)pg 1 =0, 50 iy o = po 1 = 0.
2
* Order (KT)?: 2g(ep)pg +g’(5F)% =0, so

7' (er)
fg o= ———— P2 18
0 69(cr) (18)
e Order (kKT)(ppB): all cross terms vanish (since p; o = pg; = 0), s0 p; ; = 0.
« Order (upB)*: 29(ep)io2 +9'(ep) =0, s0
g'(e
Ho2 = — () (19)

Part (6): Finite-temperature susceptibility

M = N, — N, picks up only odd-m terms. Combined with I =0 for odd k, only odd n
contributes. In the limit ugB — 0, the two relevant terms are:
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Using Equation 18, g(u) = g(ep) — 71’2(QM(I€T)2 + O(T*):

69(cr)
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™ 2 ! 2
X= % =2upg(ep) + ( k3T) KB [9”(51?) - —(ggii))) ] (22)

The first term is the T'= 0 Pauli susceptibility Equation 12. The correction is second order in
temperature and depends on the curvature and slope of the DOS at ¢5: a steeply rising DOS
(9" > 0) suppresses x at finite 7' because the shift u, o < 0 pulls u into a region of lower DOS.



Problem 2

[20 pts] A Weyl semimetal has 2 species of Weyl fermions. For a given species and momentum k
with k = |k|, there are 2 single-particle states with energies +vpk and —vpk. The sample has N
atoms in volume V = L3. There are also Debye phonons with speed v,. We ignore interactions and
take the cutoff A — oc.

(1) (3 pts) What is the total electron density of states g(e)?

(2) (7 pts) For e > 0, calculate the heat capacities Cp = apT*F and C, = a,T* contributed
by electrons and phonons respectively in the low-temperature limit k7' < ey and T' < Tp.

(3) (3 pts) For ep = 0, what is the chemical potential at temperature T' > 07 Argue from the
shape of the Fermi-Dirac distribution.

(4) (7 pts) For e =0, calculate Cp = apT*F and C, = a /T in the low-temperature limit
T < Tp.

Part (1): Density of states

Each of the 2 species has 2 energy branches: e = +vgk (positive branch) and € = —vpk (negative
branch). For states on the positive branch with energy in [e,e +de] at € > 0: k = /v, so
1% dk Vg2 Ve?

—9. amk?SE o L E _YE o5 23
9+() (2m)3 ™ e 2r2 3 w2, © (23)

where the factor 2 counts the two species. By the same counting, negative-branch states at energy
e < 0 have k = |¢| /vy, giving g_(g) = Ve?/(pi®v) for € < 0 (since |¢|? = €2). The full density
of states is:

g(e) = == (24)
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This is quadratic in energy, reflecting the linear 3D dispersion.

Part (2): Heat capacity at e > 0

Electrons. For kT <« €5, the Sommerfeld expansion gives the leading electronic heat capacity:
2 2 2 27/ -2
i i Ve k*Ve

Cp = —=Kkgep)T = —k* —LT = ET
F 3 9(ep) 3 7r2v§’; 3v§’;

(25)
So ap =1 and ap = k?Ve%/(3v%). This is the standard result for any metal with a well-defined
Fermi surface; the Weyl linear dispersion enters through g(ep) = Ve /(pi%v}).

Phonons. For T' « T}, the Debye model gives the low-temperature heat capacity exactly as for
an ordinary solid:

1274 T\°
— Nk = 2
= (TD) (26)

So a, = 3 and a, = 127*Nk/(5T3).

At low enough T, the electronic T term dominates over the phonon T term, as in ordinary
metals.

Part (3): Chemical potential at e =0



The Fermi-Dirac distribution at chemical potential u satisfies

1 1
=) — o —Br — Bu
T F(e;p) + TP (—ep) eBle—p) +1 + eBl—e—p) +1 1 € € (27>

so the identity ng..,) + np_e,,) = 1 holds for all € if and only if 4 = 0.

At charge neutrality (ep = 0), the number of excited electrons (states with € > 0 that become
occupied at finite T') must equal the number of holes (states with € < 0 that become unoccupied).
With g =0, ng.0) =1 —np_., for every &, so these two counts are exactly equal for any DOS
satisfying g(—e) = g(e), which holds here. This is particle-hole symmetry.

Therefore = 0 for all 7' when e = 0.

Part (4): Heat capacity at e =0

Electrons. With 4 = 0 and the DOS Equation 24, the energy of the electrons above the T'= 0
ground state is:

0o 0
AUz/ g 9(e)np(e,0) da—/ e g(e)de (28)
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Split AU using particle-hole symmetry. For the negative-energy contribution, substitute e — —e
and use np_z0) = 1 —Np,0)

0 [eS)
/ € Q(E)HF(E;O) de = —/ £ g(e) [1 - nF‘(e;O)] de (29)
—00 0

The ground-state subtraction — f{o_oo} € g(e)de =+ foo e g(e)de (since e < 0 there). Combining:
AU=2/0 £ 9(e)np(e0) ds—ﬂ% /0 655—1-1 (30)
Substitute x = fe = ¢/(kT):
2 g3 2 4 2V (kT)*
= 2L ey [ gy TV
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where fooo z3/(e® + 1) dx = 7% /120 is the standard Fermi integral. Differentiating:
d(AU T2V
¢, = UBY) _ TmVE 1 (32)

dar 150
So ap =3 and ap = Tn2VE*/(150%).

At charge neutrality the Fermi surface has collapsed to a point. All thermal excitations involve
states far from € = 0 on the scale kT, so the energy integral runs over a wide range rather than
being sharply Sommerfeld-expanded. The result Cp oc T? is the same power law as phonons —

both arise from massless linear dispersion. The prefactors differ: Weyl fermions carry a Fermi
statistics factor 77*/120 while phonons carry the Bose statistics factor 7*/15.

Phonons. The Debye result is unchanged:

12 7 5% 1274 Nk
¢, = 20 ( ) 0, =3, ay=-— " (33)
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Both contributions scale as T at ez = 0. The total heat capacity is (ap + a,)T3 and disentan-
gling the two requires independent knowledge of vy and v,.



