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Problem 1

[14 pts] In class, we have learnt how to express the temperature and pressure of a gas from the
perspective of statistical mechanics. Namely, assuming that the particle number is always fixed
to be N, the temperature T' =1/ (%)V and the pressure P = T%U. We have also learnt one
of Maxwell’s relations, g_‘q;s = —g—gv. To better understand these concepts, in this problem, we
explicitly verify this Maxwell’s relation in the context of a monatomic ideal gas made of N particles,

each of which has a mass m. Recall that the entropy of such an ideal gas as a function of the energy

m(%(%)) + g] . (1)

(1) (4 points) Use the microscopic definition of the temperature, T = 1/(%)‘/, and Eq.

U and volume V is

S(U,V) = Nk

Equation 1 to calculate the temperature T of the ideal gas as a function of N, U and V. Then
show that T as a function of S and V is
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(2) (3 points) Calculate g—%;s.

(3) (4 points) Use the relation P = T%U and Eq. Equation 1 to calculate the pressure P of
the ideal gas as a function of U and V. Then show that P as a function of S and V is

NR? (N S 5\\*
P = ovm (Vexp(m - 5)) - ®)
(4) (3 points) Calculate g—gv. Comparing this result with the result in part (2), does Maxwell’s
relation 2L = —98  }01d for the ideal gas?

Vg = o5y

Part (1): Temperature from S(U,V)

Expand Eq. Equation 1:
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To express T as a function of S and V', exponentiate Eq. Equation 1:
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Substituting into T' = % gives Eq. Equation 2.

Thus

and

Part (2): Derivative g—‘:';s

From Eq. Equation 2, at fixed S we have T V_%, SO

or 2T
Vs 3V
Part (3): Pressure from S(U,V)
From Eq. Equation 1,
oS 1
=X — Nk—
oVy Vv’
hence
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Using T' = % gives
p=2U
3V

Substituting the expression for U(S, V) from part (1) yields Eq. Equation 3.

Part (4): Verify Maxwell relation

From Eq. Equation 3,
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Using P = W gives

or 2T

oSy, 3V’
SO

or _ op

Vg 08y’

Maxwell’s relation holds for the ideal gas.



Problem 2

[12 pts] In class, we have learnt how to calculate the change of entropy during a reversible process.
In this problem, we apply it to a real system that goes through an irreversible process. The heat
capacity of one mole of graphite at constant pressure takes the following form over a fairly wide
range of temperatures

c
T2
where a =16.86JK™!, b=4.77-103JK2, and ¢ = 8.54 x 10° J.K. Suppose that a mole of
graphite is heated at constant pressure from 7} = 298 K to 75, = 500 K very fast, so that the entire

process is irreversible. Calculate the increase in its entropy during this process.

Entropy is a state function, so for an irreversible heating we may compute the change using a
reversible path:

T, C
AS = / —2dar. (18)
i) T
Using Eq. Equation 17,
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hence
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Substituting the values gives
AS ~6.59J K. (21)



Problem 3

[14 pts] A cylinder contains one liter of helium gas at room temperature (300 K) and atmospheric
pressure (1-10°Nm™2). The walls of the cylinder conduct heat well. At one end of the cylinder
is a massless piston, whose surface area is 0.01 m2. Suppose that you push the piston in suddenly,
exerting a force of 2000N. The piston moves only one millimeter, before it is stopped by an
immovable barrier. After a while, the gas reaches thermal equilibrium again. Throughout the entire
process, the force you exert is always 2000 N, even after the gas equilibrates again.

(1) (3 points) How much work have you done on this system?

(2) (3 points) Assuming that all the energy added goes into the gas (not the piston or cylinder
walls or the immovable barrier), by how much does the internal energy of the gas increase?

(3) (3 points) How much heat has been added to the gas?
(4) (5 points) What is the change of the entropy of the gas?

Part (1): Work done by you

The piston displacement is Az = 1-1073 m, so the work you do is
W, =FAx=2000N-1-10"3m =2J. (22)

Part (2): Internal energy increase (immediate)

Under the stated assumption, all added energy goes into the gas:
AU =W, =21J. (23)

Part (3): Heat added over the full process

The walls conduct heat and the gas re-equilibrates at room temperature, so the final temperature
is T, = T} = 300 K. For an ideal gas, U depends only on 7', so over the full process

AU = 0. (24)
Using the first law in the sign convention AU = Q + W, gives
Q= W, =—2J. (25)

Part (4): Entropy change of the gas
The volume decreases by AV = AAz=1-102m?-1-103m=1-10"°m3,s0 ; =1-10"3m3

and V; = 9.9-10~*m®. The number of moles is
PV, 1-10°Nm2-1-10°m?

- ~ 4.01 - 102 mol. 26
RT, ~  8.314 J/mol K - 300K o (26)

n =

Since T, = T}, the entropy change for the gas is

AS =nR ln% ~4.01-10"2mol - 8.314 J/mol-K - In(0.99) ~ —3.35- 103 JK~L.  (27)
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