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Problem 4.5

A uniform drum of radius 𝑏 and mass 𝑀  rolls without slipping 

down a plane inclined at angle 𝛽. Find the drum’s acceleration 

along the plane.

Translation of the center of mass:

{

𝑀𝑔 sin 𝛽 − 𝑓 = 𝑀𝑋̈CM(𝑡)

𝑁 −𝑀𝑔 cos 𝛽 = 𝑀 ̈𝑌CM(𝑡)

Motion with no slipping: the contact is very rough 𝑓 ≤ 𝜇𝑠𝑁

𝑋̇CM(𝑡) = 𝑏𝜑̇(𝑡) = 𝑏𝜔(𝑡)⟹ 𝑋̈CM(𝑡) = 𝑏𝜑̈(𝑡) = 𝑏𝜔̇(𝑡)

Solution

Position and force vectors:

𝑹CM(𝑡) = 𝑋CM(𝑡)𝑒𝑥 + 𝑏𝑒𝑦

{





𝑾(𝑡) = 𝑀𝑔 sin 𝛽𝑒𝑥 −𝑀𝑔 cos 𝛽𝑒𝑦

𝒇(𝑡) = −𝑓(𝑡)𝑒𝑥

𝑵(𝑡) = 𝑁(𝑡)𝑒𝑦 {





𝒓𝑊 (𝑡) = 𝑋CM(𝑡)𝑒𝑥 + 𝑏𝑒𝑦

𝒓𝑓(𝑡) = 𝑋CM(𝑡)𝑒𝑥

𝒓𝑁(𝑡) = 𝑋CM(𝑡)𝑒𝑥

From Newton’s second law:

𝑭(𝑡) = 𝑀𝑹̈CM(𝑡) ⟹
{

𝑀𝑔 sin 𝛽 − 𝑓(𝑡) = 𝑀𝑋̈CM(𝑡)

𝑁(𝑡) −𝑀𝑔 cos 𝛽 = 0

Approach 1

Torque about center of mass:

𝝉CM(𝑡) =∑
𝑖
[𝒓𝑖(𝑡) − 𝑹CM(𝑡)] × 𝑭𝑖(𝑡) = −𝑏𝑓(𝑡)𝑒𝑧

Angular momentum about center of mass:

𝑳CM(𝑡) = 𝑳spin(𝑡) = −
1
2
𝑀𝑏2𝜔(𝑡)𝑒𝑧

Setting 𝝉CM(𝑡) = 𝑳̇CM(𝑡):

𝑏𝑓(𝑡) = 1
2
𝑀𝑏2𝜔̇(𝑡)

System of equations:

♦ ——————————— ♦
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{





𝑀𝑔 sin 𝛽 − 𝑓(𝑡) = 𝑀𝑋̈CM(𝑡)

𝑁(𝑡) −𝑀𝑔 cos 𝛽 = 0

𝑏𝑓(𝑡) = 12𝑀𝑏2𝜔̇(𝑡)

𝑋̈CM(𝑡) = 𝑏𝜔̇(𝑡)

⟹
{

𝑋̈CM(𝑡) = 23𝑔 sin 𝛽

𝑓(𝑡) = 13𝑀𝑔 sin 𝛽

𝑋̈CM(𝑡) =
2
3
𝑔 sin 𝛽

Approach 2

Torque about contact point:

𝝉contact(𝑡) =∑
𝑖
[𝒓𝑖(𝑡) − 𝒓contact(𝑡)] × 𝑭𝑖(𝑡) = −𝑀𝑔𝑏 sin 𝛽𝑒𝑧

𝑳contact(𝑡) = 𝑳orbital(𝑡) + 𝑳spin(𝑡) = −[𝑀𝑏𝑋̇CM(𝑡) +
1
2
𝑀𝑏2𝜔(𝑡)]𝑒𝑧

𝝉contact(𝑡) = 𝑳̇contact(𝑡)

⟹𝑀𝑔𝑏 sin 𝛽 = 𝑀𝑏𝑋̈CM(𝑡) +
1
2
𝑀𝑏2𝜔̇(𝑡)

Final system:

{





𝑀𝑔 sin 𝛽 − 𝑓(𝑡) = 𝑀𝑋̈CM(𝑡)

𝑁(𝑡) −𝑀𝑔 cos 𝛽 = 0

𝑀𝑔𝑏 sin 𝛽 = 𝑀𝑏𝑋̈CM(𝑡) + 12𝑀𝑏2𝜔̇(𝑡)

𝑋̈CM(𝑡) = 𝑏𝜔̇(𝑡)

⟹
{

𝑋̈CM(𝑡) = 23𝑔 sin 𝛽

𝑓(𝑡) = 13𝑀𝑔 sin 𝛽

𝑋̈CM(𝑡) =
2
3
𝑔 sin 𝛽

♦ ——————————— ♦
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Problem 4.6

A uniform stick of length ℓ and mass 𝑀 , initially 

upright on a frictionless table, starts falling.

Find the normal force from table as a function 

of 𝜃 from the vertical.

Solution

From Newton’s second law:

𝑭(𝑡) = 𝑀𝑹̈CM(𝑡) ⟹
{

0 = 𝑀𝑋̈CM(𝑡)

𝑁(𝑡) −𝑀𝑔 = 𝑀 ̈𝑌CM(𝑡)

Since there are no horizontal forces:

𝑋̈CM(𝑡) = 0⟹ 𝑋̇CM(𝑡) = 𝑋̇CM(0) = 0⟹ 𝑋CM(𝑡) = 𝑋CM(0) = 0

Center of mass position:

𝑌CM(𝑡) =
ℓ
2
cos 𝜃(𝑡) ⟹ ̇𝑌CM(𝑡) = −

ℓ
2
̇𝜃(𝑡) sin 𝜃(𝑡)

⟹ ̈𝑌CM(𝑡) = −
ℓ
2
̈𝜃(𝑡) sin 𝜃(𝑡) − ℓ

2
̇𝜃2(𝑡) cos 𝜃(𝑡)

From the vertical force equation:

𝑁(𝑡) = 𝑀𝑔 +𝑀 ̈𝑌CM(𝑡) = 𝑀𝑔 −
1
2
𝑀ℓ[ ̈𝜃(𝑡) sin 𝜃(𝑡) + ̇𝜃2(𝑡) cos 𝜃(𝑡)]

Using torque about center of mass:

𝜏CM(𝑡) = 𝐼CM ̈𝜃(𝑡) ⟹
ℓ
2
𝑁(𝑡) sin 𝜃(𝑡) = 1

12
𝑀ℓ2 ̈𝜃(𝑡)

⟹ 𝑁(𝑡) = 1
6
𝑀ℓ
̈𝜃(𝑡)
sin 𝜃(𝑡)

Equating the two expressions for 𝑁(𝑡):

{



𝑁(𝑡) = 𝑀𝑔 − 1

2
𝑀ℓ[ ̈𝜃(𝑡) sin 𝜃(𝑡) + ̇𝜃2(𝑡) cos 𝜃(𝑡)]

𝑁(𝑡) = 1
6
𝑀ℓ
̈𝜃(𝑡)
sin 𝜃(𝑡)

⟹ ̈𝜃(𝑡) = 6𝑔
ℓ
sin 𝜃(𝑡) − 3 sin 𝜃(𝑡)[ ̈𝜃(𝑡) sin 𝜃(𝑡) + ̇𝜃2(𝑡) cos 𝜃(𝑡)]

Rearranging:

𝑑
𝑑𝑡
[ ̇𝜃2(𝑡)] = 2 ̇𝜃(𝑡) ̈𝜃(𝑡) = 2 ̇𝜃(𝑡){6𝑔

ℓ
sin 𝜃(𝑡) − 3 sin 𝜃(𝑡)[ ̈𝜃(𝑡) sin 𝜃(𝑡) + ̇𝜃2(𝑡) cos 𝜃(𝑡)]}

♦ ——————————— ♦
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⟹ 𝑑
𝑑𝑡
[ ̇𝜃2(𝑡)] = − 𝑑

𝑑𝑡
{12𝑔
ℓ
cos 𝜃(𝑡) + 3[ ̈𝜃(𝑡) sin 𝜃(𝑡)]

2
}

Integrating and using initial conditions:

̇𝜃2(𝑡) + 12𝑔
ℓ
cos 𝜃(𝑡) + 3[ ̇𝜃(𝑡) sin 𝜃(𝑡)]

2
= 𝐶

At 𝑡 = 0: 𝜃(0) = 0 and ̇𝜃(0) = 0:

̇𝜃2(0) + 12𝑔
ℓ
cos 𝜃(0) + 3[ ̇𝜃(0) sin 𝜃(0)]

2
= 𝐶 ⟹ 𝐶 = 12𝑔

ℓ
Therefore:

̇𝜃2(𝑡) + 12𝑔
ℓ
cos 𝜃(𝑡) + 3[ ̇𝜃(𝑡) sin 𝜃(𝑡)]

2
= 12𝑔
ℓ

⟹ ̇𝜃2(𝑡) = 12𝑔
ℓ
1 − cos 𝜃(𝑡)
1 + 3 sin2 𝜃(𝑡)

From the angular velocity equation:

̇𝜃2(𝑡) = 12𝑔
ℓ
1 − cos 𝜃(𝑡)
1 + 3 sin2 𝜃(𝑡)

⟹ ̈𝜃(𝑡) = 6𝑔
ℓ
sin 𝜃(𝑡)4 − 6 cos 𝜃(𝑡) + 3 cos

2 𝜃(𝑡)
[1 + 3 sin2 𝜃(𝑡)]2

Substituting back into the normal force equation:

𝑁(𝑡) = 𝑀𝑔 − 1
2
𝑀ℓ[ ̈𝜃(𝑡) sin 𝜃(𝑡) + ̇𝜃2(𝑡) cos 𝜃(𝑡)] = 4 − 6 cos 𝜃(𝑡) + 3 cos

2 𝜃(𝑡)
[1 + 3 sin 𝜃(𝑡)]2

𝑀𝑔

𝑁(𝑡) = 4 − 6 cos 𝜃(𝑡) + 3 cos
2 𝜃(𝑡)

[1 + 3 sin2 𝜃(𝑡)]2
𝑀𝑔

♦ ——————————— ♦
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