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Problem 4.5

A uniform drum of radius b and mass M rolls without slipping
down a plane inclined at angle 8. Find the drum’s acceleration
along the plane.

Translation of the center of mass:

Mgsinfg— f = MXCM(t)

N — Mgcos B = MYqy,(t)
Motion with no slipping: the contact is very rough f < u N
Kon(t) = bp(t) = buo(t) = Xepy(t) = bi(t) = bi®

Position and force vectors:
Roy(t) = Xem(t)é, + bé

y
W (t) = Mgsin é, — Mg cos 3¢, T (t) = Xem(t)é, + bé,
F(t) = —f(t)e, r(t) = Xom(t)é,
N(t) = N(t)e, rn(t) = Xou(t)é,

From Newton’s second law:
Mgsin 8 — f(t) = M Xy (t)

F(t) = MRy (t) = {
N(t) — Mgcos =0

Approach 1

Torque about center of mass:
Tou(t) = Y _[ri(t) — Row()] x Fy(t) = —bf(t)e.
Angular momentum about center of mass:
Loy(t) = IP(t) = — Mbu(t)e,

Setting Ty (t) = Loy (t):
1

bf(t) = 5Mb%;;(t)

System of equations:



(Mgsin 8 — f(t) = MZ ey (1)
N(t) — MgcosfB =0 XCM(t)zggsinﬂ

bf(t) = $Mb2d(t) f(t)=+Mgsin B

\XCM@) = bw(t)

. 9
Xom(t) = 39 sin

Approach 2

Torque about contact point:

Teontact (t) = Z[Tz (t) — Tcontact (t)] X E(t) = _Mgb sin /Béz

%

. . g 1
Lcontact (t) = Lorb1tal(t) + Lspm(t) = MbXCM(t) + §Mb2w(t) é

z

Tagminail0) = Lcontact<t)
— Mgbsin 8 = MbXqy,(t) + %MdeJ(t)
Final system:
(Mgsin 8 — f(t) = Moy (t
N(t) — Mgcos =0 XCM(t)zégsinB

X =

Mgbsin B = MbXy(t) + 3 Mb2(t) f(t) = Mgsin B

| o () = bi)

. 9
Xom(t) = 39 sin 8




Problem 4.6

A uniform stick of length £ and mass M, initially
upright on a frictionless table, starts falling.

Find the normal force from table as a function
of 8 from the vertical.

<

2
12—y

From Newton’s second law:

. 0=MXcy(t)
N(t) — Mg = MYcy(t)
Since there are no horizontal forces:

XCM(t) =0= XCM(t) = XCM(O) =0= Xceu(t) = Xcm(0) =0

Center of mass position:

Yo (t) = gcosﬁ(t) = Yo (t) = —gé(t) sin 6(t)

= You(t) = —g@(t) sinO(t) — 502 (t) cos(t)

From the vertical force equation:

N(t) = Mg + MYy (£) = Mg — %Mﬁ [6(¢) sin 0(t) + 62 (2) cos 0(1)]

Using torque about center of mass:

Tom(t) = Iy0(t) = gN(t) sin 0(t) = 1—12M£2é<t)
= N = %Mgsiigzt)

Equating the two expressions for N (t):

N(t)=Mg— 1ME [H(t) sin 0(t) + 62(t) cos O(t)]

2

— () = 679 sin () — 3sin 0(t) [6(¢) sin 6(¢) + 62(¢) cos 6(2)]
Rearranging:

% [602(1)] = 20(0)d(t) = 26(2) { 679 sin 0(t) — 3sin 0() [6(2) sin 0(¢) + 62(t) cos B(1)] }



— jt [62(t)] = —%{%cose(t) +3[d(e) sinO(t)]z}

Integrating and using initial conditions:
0%(t) + % cosf(t) + 3 [H(t) sin G(t)] =cC
At t = 0: 6(0) = 0 and 6(0) = 0:
5 12 5
6%(0) + TQ cos 0(0) + 3[9(0) sin 0(0)]2 =C=C=—1
Therefore:
19 12g 2
0 (t)—i-TcosH(t)—l— [ t)sin 6(t ] —

12g 1—cosd(t)

2
= 0°(t) = 0 1+ 3sin26(t)

From the angular velocity equation:

12g 1 —cos6(t)

s . 6g . 4 —6cosd(t) + 3 cos? 6(t)
7 17 3sm200) = 0(t) = —sinf(t)

N2
F = ¢ [1 4 3sin26(t)]”

Substituting back into the normal force equation:
4 —6cosf(t) + 3cos? O(t)
[1+ 3sinf(t)]?

N(t) = Mg — %Mé [6(t) sin 6(2) + 62(¢) cos 8()] = Mg

N(t) = 4—6cosf(t) + 3cos22 (t) Mg
[1+ 3sin? 0(t)]




