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Problem 3.1

A spacecraft with mass 𝑀  moves through space with constant 

velocity 𝒗. The spacecraft encounters a stream of dust particles 

that embed themselves in the hull at rate 𝑚̇(𝑡). The dust has 

velocity 𝒖 just before it hits.

Find the external force necessary to keep the spacecraft moving 

uniformly.

Solution

Using the momentum conservation approach for variable mass systems:

{

𝑷(𝑡) = 𝑀(𝑡)𝒗 + (Δ𝑚)𝒖

𝑷(𝑡 + Δ𝑡) = (𝑀(𝑡) + Δ𝑚)𝒗
⇒ Δ𝑷 = 𝑷(𝑡 + Δ𝑡) − 𝑷(𝑡) = (𝒗 − 𝒖)Δ𝑚

The external force required is:

𝑭(𝑡) = d𝑷
d𝑡

= lim
Δ𝑡→0

Δ𝑷
Δ𝑡

= (𝒗 − 𝒖)𝑚̇(𝑡)

Problem 3.2

A rocket is taking off from rest in a uniform gravitation field 𝒈 = −𝑔𝑒𝑧. The fuel is ejected at a 

constant rate 𝑚̇(𝑡) = −𝑘 at a constant exhaust speed 𝑢 relative to the rocket.

Find 𝑣(𝑡) and 𝑟(𝑡) for the rocket in its subsequent motion given that the initial mass of the rocket 

is 𝑚0.

Solution

Given: 𝒈 = −𝑔𝑒𝑧, 𝒖 = −𝑢𝑒𝑧, 𝑚̇(𝑡) = −𝑘 → 𝑚(𝑡) = 𝑚0 − 𝑘𝑡

Using the rocket equation:

♦ ——————————— ♦
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𝑚(𝑡)d𝒗
d𝑡

− 𝒖(𝑡)𝑚̇(𝑡) = 𝑭 ext(𝑡)

𝑚(𝑡)d𝑣𝑧
d𝑡

+ 𝑚̇(𝑡)𝑢 = −𝑚(𝑡)𝑔

d𝑣𝑧
d𝑡

= −𝑔 − 𝑢𝑚̇(𝑡)
𝑚(𝑡)

𝑣𝑧(𝑡) = −𝑔𝑡 − 𝑢 ln 𝑚(𝑡)
𝑚0

𝑣𝑧(𝑡) = −𝑔𝑡 − 𝑢 ln(𝑚0 − 𝑘𝑡
𝑚0

)

For position:

d𝑧
d𝑡

= 𝑣𝑧(𝑡)

𝑧(𝑡) = −1
2
𝑔𝑡2 − 𝑢∫

𝑡

0
ln(𝑚0 − 𝑘𝑡′

𝑚0
)d𝑡′

𝑧(𝑡) = −1
2
𝑔𝑡2 + 𝑢𝑡 + 𝑢

𝑘
(𝑚0 − 𝑘𝑡) ln(𝑚0 − 𝑘𝑡

𝑚0
)

𝑣𝑧(𝑡) = −𝑔𝑡 − 𝑢 ln(𝑚0 − 𝑘𝑡
𝑚0

)

𝑧(𝑡) = −1
2
𝑔𝑡2 + 𝑢𝑡 + 𝑢

𝑘
(𝑚0 − 𝑘𝑡) ln(𝑚0 − 𝑘𝑡

𝑚0
)

Problem 3.3

A thin non-uniform plate lies on the 𝑥𝑦-plane with corners (0, 0), (𝑎, 0), (0, 𝑏) and (𝑎, 𝑏). Its surface 

mass density is 𝜎(𝑥, 𝑦) = 𝜎0
𝑥𝑦
𝑎𝑏  where 𝜎0 is a constant. Find its center of mass.

Solution

Given: 𝒓 = 𝑥𝑒𝑥 + 𝑦𝑒𝑦, 𝜎(𝒓) = 𝜎(𝑥, 𝑦) = 𝜎0
𝑥𝑦
𝑎𝑏

First, find the total mass:

𝑀 = ∫∫𝜎(𝒓) d𝐴 = ∫
𝑎

𝑥=0
∫

𝑏

𝑦=0

𝜎0
𝑎𝑏

𝑥𝑦 d𝑥 d𝑦 = 1
4
𝜎0𝑎𝑏

Center of mass coordinates:

𝑋CM = 1
𝑀

∫∫𝑥𝜎(𝒓) d𝐴 → 𝑋CM = 1
𝑀

∫
𝑎

𝑥=0
∫

𝑏

𝑦=0
𝑥𝜎0𝑥𝑦

𝑎𝑏
d𝑥 d𝑦 = 2

3
𝑎

𝑌CM = 1
𝑀

∫∫𝑦𝜎(𝒓) d𝐴 → 𝑌CM = 1
𝑀

∫
𝑎

𝑥=0
∫

𝑏

𝑦=0
𝑦𝜎0𝑥𝑦

𝑎𝑏
d𝑥 d𝑦 = 2

3
𝑏

♦ ——————————— ♦
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𝑹CM = 2
3
𝑎𝑒𝑥 +

2
3
𝑏𝑒𝑦

♦ ——————————— ♦
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