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Problem 9.7
Evaluate {r,n - L}, ,, where r = 2é, + yé, + 2¢, and n = n,€, +n, €, +n,é, is a constant vector.

Angular momentum: L = r x p, with components L, = Zl ; €ijkTiP;

Express the Poisson bracket:
We want to calculate:

{xi’ n- L}q’p
for each component z; of r.

Expand n - L:
n-L= anLj = an Zej,.swrps
7 7 7,8

Calculate Poisson bracket:

{xian ’ L}q’p =13 %o E : E :Ejrsnj:rrps
j r7s
= E E :ajrsnj{wi’xrps}q’p
j r,s

q,p

Use Leibniz rule:
{xﬂmrps}q’p = xr{xwps}(bp + {xi’mr}qypps
Apply fundamental Poisson brackets:
{xi?ps} = (Sis
a,p
{xm%}q,p =0
Therefore:

{xb xrps}%p = xr(sis

Substitute back:

{an : L}q’p = E E :ej'rsnjxr(sis
Jj TS
ZE E EiriT; Ty
J T

Recognize as cross product:

The sum Zj . €jril;y is the i-th component of n x r.

gri' e



To see this, recall that the i-th component of n x 7 is:
(nx 7= e,

- Using the property €., = €;.,. (cyclic permutation):

Jri g7

E:ngZ]T E Ez]r]r_nxr)i

We have Z

J” ]

Final answer:

{r,n-L},,=nxr

Physical interpretation:

This result shows that the angular momentum L generates infinitesimal rotations in phase space.

Specifically, the Poisson bracket with n - L gives the infinitesimal rotation of the position vector

about the axis n.

More formally, if we consider the canonical transformation generated by n - L:

or=¢e{r,n-L},,=¢c(nxr)

This is precisely an infinitesimal rotation by angle € about the axis n, confirming that angular

momentum is the generator of rotations in classical mechanics.



Problem 9.8
A projectile with mass m is moving on the vertical zy-plane in a uniform gravitational field.
Hamiltonian:

P +pj

H(z,y,py,Py,t) = + mgy

Given functions:

Dyt 1

K =y— = —ggt?

— 2t
B=z-5

Show that F; and F, are constants of motion and find three other constants of motion.

Hamilton’s equations:

From the Hamiltonian, we have:

oH _ Px . 0H

x:apz:—’ pI:_WZO
_oH _ Py am _
Y=gy, = Dy =% =g

Check if F; is a constant of motion:

A function F({g;,p;},t) is a constant of motion if:
dF oF

—={F H — =0
i~ Ffllap + %
For I} =y — p%t — %2:
Calculate the partial derivative:
OF _ Py _
ot m

Calculate the Poisson bracket:
_6FlaH_6Fla_H 8F18H_8F18_H

VoM ar = 90 8, ~ 2p, 92 " 0y 05,  Op, By

t

m m m
Dy B t-mg
T m m
m
Therefore:
= 5= (o) + (o)
dt { 1> }q,p + 8t m g + m g

[ F] is a constant of motion. ]

Check if F, is a constant of motion:



OF _ 1.
ot m
5y _OBOH _OBOH OFOH _OF0H

ap  dr dp, Op, 0z 0Oy dp, Op, Oy

Therefore:
dF,

E:{FQ,H}

OF;
+ 2:p1:_pz=0
p

q ot m m

[ E;, is a constant of motion. ]

Find three other constants of motion:

Constant 1: The Hamiltonian itself

2, 2
> T
FE=H= Pz TPy + mgy
2m
Check:
0H
e 0 (no explicit time dependence)
{H,H},, =0 (Poisson bracket of any function with itself vanishes)
Therefore:
dH 0H
— ={H,H —=040=0
de U, Hy g p + ot *

F; = H (total energy) is a constant of motion.

Constant 2: Horizontal momentum

Fy=p,

From Hamilton’s equations, we already know:
OH
P ox

F, = p, (horizontal momentum) is a constant of motion.

Constant 3: Modified vertical momentum
F; =p, +mgt
The total time derivative is:
dF,
dt

Calculate the partial derivative with respect to time:

o5,

= (B, H},+5



oF,
ot

= mg
Calculate the Poisson bracket:

(i), — OBOH _OROH  OF0H Ok 0H

—0-%2 _0.040-% 1. (myg)
m m
:—mg
Therefore:
dF; OF;
E_{Fg,H}q’p+E_—mg+mg—O

F; =p, +mgt is a constant of motion.

Summary of five constants of motion:

.
t  gt?
E=y— Bt _ 9% (vertical position — free fall)
m 2
t
E=z— Pst (horizontal position — uniform motion)
m
< p2 +p2
F,=H=-—"—Y1+mgy (total energy)
2m
F,=p, (horizontal momentum)
F, =p, +mgt (modified vertical momentum)
\

Physical interpretation: These constants encode the initial conditions and conserved quan-
tities of projectile motion. F; and F, relate to the initial position, F; and Fj to the initial
momentum, and F3 to the total energy.



