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Problem 9.7

Evaluate {𝒓, 𝒏 ⋅ 𝑳}𝒒,𝒑 where 𝒓 = 𝑥𝑒𝑥 + 𝑦𝑒𝑦 + 𝑧𝑒𝑧 and 𝒏 = 𝑛𝑥𝑒𝑥 + 𝑛𝑦𝑒𝑦 + 𝑛𝑧𝑒𝑧 is a constant vector.

Angular momentum: 𝑳 = 𝒓 × 𝒑, with components 𝐿𝑘 = ∑𝑖,𝑗 𝜀𝑖𝑗𝑘𝑥𝑖𝑝𝑗

Solution

Express the Poisson bracket:

We want to calculate:

{𝑥𝑖, 𝒏 ⋅ 𝑳}𝒒,𝒑

for each component 𝑥𝑖 of 𝒓.

Expand 𝒏 ⋅ 𝑳:

𝒏 ⋅ 𝑳 = ∑
𝑗

𝑛𝑗𝐿𝑗 = ∑
𝑗

𝑛𝑗 ∑
𝑟,𝑠

𝜀𝑗𝑟𝑠𝑥𝑟𝑝𝑠

Calculate Poisson bracket:

{𝑥𝑖, 𝒏 ⋅ 𝑳}𝒒,𝒑 = {𝑥𝑖, ∑
𝑗

∑
𝑟,𝑠

𝜀𝑗𝑟𝑠𝑛𝑗𝑥𝑟𝑝𝑠}
𝒒,𝒑

= ∑
𝑗

∑
𝑟,𝑠

𝜀𝑗𝑟𝑠𝑛𝑗{𝑥𝑖, 𝑥𝑟𝑝𝑠}𝒒,𝒑

Use Leibniz rule:

{𝑥𝑖, 𝑥𝑟𝑝𝑠}𝒒,𝒑 = 𝑥𝑟{𝑥𝑖, 𝑝𝑠}𝒒,𝒑 + {𝑥𝑖, 𝑥𝑟}𝒒,𝒑𝑝𝑠

Apply fundamental Poisson brackets:

{

{𝑥𝑖, 𝑝𝑠}𝒒,𝒑 = 𝛿𝑖𝑠

{𝑥𝑖, 𝑥𝑟}𝒒,𝒑 = 0

Therefore:

{𝑥𝑖, 𝑥𝑟𝑝𝑠}𝒒,𝒑 = 𝑥𝑟𝛿𝑖𝑠

Substitute back:

{𝑥𝑖, 𝒏 ⋅ 𝑳}𝒒,𝒑 = ∑
𝑗

∑
𝑟,𝑠

𝜀𝑗𝑟𝑠𝑛𝑗𝑥𝑟𝛿𝑖𝑠

= ∑
𝑗

∑
𝑟

𝜀𝑗𝑟𝑖𝑛𝑗𝑥𝑟

Recognize as cross product:

The sum ∑𝑗,𝑟 𝜀𝑗𝑟𝑖𝑛𝑗𝑥𝑟 is the 𝑖-th component of 𝒏 × 𝒓.

♦ ——————————— ♦
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To see this, recall that the 𝑖-th component of 𝒏 × 𝒓 is:

(𝒏 × 𝒓)𝑖 = ∑
𝑗,𝑟

𝜀𝑖𝑗𝑟𝑛𝑗𝑥𝑟

We have ∑𝑗,𝑟 𝜀𝑗𝑟𝑖𝑛𝑗𝑥𝑟. Using the property 𝜀𝑗𝑟𝑖 = 𝜀𝑖𝑗𝑟 (cyclic permutation):

∑
𝑗,𝑟

𝜀𝑗𝑟𝑖𝑛𝑗𝑥𝑟 = ∑
𝑗,𝑟

𝜀𝑖𝑗𝑟𝑛𝑗𝑥𝑟 = (𝒏 × 𝒓)𝑖

Final answer:

{𝒓, 𝒏 ⋅ 𝑳}𝒒,𝒑 = 𝒏 × 𝒓

Physical interpretation:

This result shows that the angular momentum 𝑳 generates infinitesimal rotations in phase space. 

Specifically, the Poisson bracket with 𝒏 ⋅ 𝑳 gives the infinitesimal rotation of the position vector 

about the axis 𝒏.

More formally, if we consider the canonical transformation generated by 𝒏 ⋅ 𝑳:

𝛿𝒓 = 𝜀{𝒓, 𝒏 ⋅ 𝑳}𝒒,𝒑 = 𝜀(𝒏 × 𝒓)

This is precisely an infinitesimal rotation by angle 𝜀 about the axis 𝒏, confirming that angular 

momentum is the generator of rotations in classical mechanics.

♦ ——————————— ♦
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Problem 9.8

A projectile with mass 𝑚 is moving on the vertical 𝑥𝑦-plane in a uniform gravitational field.

Hamiltonian:

𝐻(𝑥, 𝑦, 𝑝𝑥, 𝑝𝑦, 𝑡) =
𝑝2

𝑥 + 𝑝2
𝑦

2𝑚
+ 𝑚𝑔𝑦

Given functions:

{

𝐹1 ≡ 𝑦 − 𝑝𝑦𝑡

𝑚 − 1
2𝑔𝑡2

𝐹2 ≡ 𝑥 − 𝑝𝑥𝑡
𝑚

Show that 𝐹1 and 𝐹2 are constants of motion and find three other constants of motion.

Solution

Hamilton’s equations:

From the Hamiltonian, we have:

{


 ̇𝑥 = 𝜕𝐻

𝜕𝑝𝑥
= 𝑝𝑥

𝑚
, ̇𝑝𝑥 = −𝜕𝐻

𝜕𝑥 = 0

̇𝑦 = 𝜕𝐻
𝜕𝑝𝑦

=
𝑝𝑦

𝑚
, ̇𝑝𝑦 = −𝜕𝐻

𝜕𝑦 = −𝑚𝑔

Check if 𝐹
1
 is a constant of motion:

A function 𝐹({𝑞𝑖, 𝑝𝑖}, 𝑡) is a constant of motion if:

d𝐹
d𝑡

= {𝐹 , 𝐻}𝒒,𝒑 + 𝜕𝐹
𝜕𝑡

= 0

For 𝐹1 = 𝑦 − 𝑝𝑦𝑡
𝑚 − 𝑔𝑡2

2 :

Calculate the partial derivative:

𝜕𝐹1
𝜕𝑡

= −
𝑝𝑦

𝑚
− 𝑔𝑡

Calculate the Poisson bracket:

{𝐹1, 𝐻}𝒒,𝒑 = 𝜕𝐹1
𝜕𝑥

𝜕𝐻
𝜕𝑝𝑥

− 𝜕𝐹1
𝜕𝑝𝑥

𝜕𝐻
𝜕𝑥

+ 𝜕𝐹1
𝜕𝑦

𝜕𝐻
𝜕𝑝𝑦

− 𝜕𝐹1
𝜕𝑝𝑦

𝜕𝐻
𝜕𝑦

= 0 ⋅ 𝑝𝑥
𝑚

− 0 ⋅ 0 + 1 ⋅
𝑝𝑦

𝑚
− (− 𝑡

𝑚
) ⋅ (−𝑚𝑔)

=
𝑝𝑦

𝑚
− 𝑡 ⋅ 𝑚𝑔

𝑚

=
𝑝𝑦

𝑚
− 𝑔𝑡

Therefore:

d𝐹1
d𝑡

= {𝐹1, 𝐻}𝒒,𝒑 + 𝜕𝐹1
𝜕𝑡

= (
𝑝𝑦

𝑚
− 𝑔𝑡) + (−

𝑝𝑦

𝑚
− 𝑔𝑡) = 0

𝐹1 is a constant of motion.

Check if 𝐹
2
 is a constant of motion:

♦ ——————————— ♦
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For 𝐹2 = 𝑥 − 𝑝𝑥𝑡
𝑚 :

𝜕𝐹2
𝜕𝑡

= −𝑝𝑥
𝑚

{𝐹2, 𝐻}𝒒,𝒑 = 𝜕𝐹2
𝜕𝑥

𝜕𝐻
𝜕𝑝𝑥

− 𝜕𝐹2
𝜕𝑝𝑥

𝜕𝐻
𝜕𝑥

+ 𝜕𝐹2
𝜕𝑦

𝜕𝐻
𝜕𝑝𝑦

− 𝜕𝐹2
𝜕𝑝𝑦

𝜕𝐻
𝜕𝑦

= 1 ⋅ 𝑝𝑥
𝑚

− (− 𝑡
𝑚

) ⋅ 0 + 0 ⋅
𝑝𝑦

𝑚
− 0 ⋅ (−𝑚𝑔)

= 𝑝𝑥
𝑚

Therefore:

d𝐹2
d𝑡

= {𝐹2, 𝐻}𝒒,𝒑 + 𝜕𝐹2
𝜕𝑡

= 𝑝𝑥
𝑚

− 𝑝𝑥
𝑚

= 0

𝐹2 is a constant of motion.

Find three other constants of motion:

Constant 1: The Hamiltonian itself

𝐹3 ≡ 𝐻 =
𝑝2

𝑥 + 𝑝2
𝑦

2𝑚
+ 𝑚𝑔𝑦

Check:

𝜕𝐻
𝜕𝑡

= 0 (no explicit time dependence)

{𝐻, 𝐻}𝒒,𝒑 = 0 (Poisson bracket of any function with itself vanishes)

Therefore:

d𝐻
d𝑡

= {𝐻, 𝐻}𝒒,𝒑 + 𝜕𝐻
𝜕𝑡

= 0 + 0 = 0

𝐹3 = 𝐻 (total energy) is a constant of motion.

Constant 2: Horizontal momentum

𝐹4 ≡ 𝑝𝑥

From Hamilton’s equations, we already know:

̇𝑝𝑥 = −𝜕𝐻
𝜕𝑥

= 0

𝐹4 = 𝑝𝑥 (horizontal momentum) is a constant of motion.

Constant 3: Modified vertical momentum

𝐹5 ≡ 𝑝𝑦 + 𝑚𝑔𝑡

The total time derivative is:

d𝐹5
d𝑡

= {𝐹5, 𝐻}𝒒,𝒑 + 𝜕𝐹5
𝜕𝑡

Calculate the partial derivative with respect to time:

♦ ——————————— ♦
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𝜕𝐹5
𝜕𝑡

= 𝑚𝑔

Calculate the Poisson bracket:

{𝐹5, 𝐻}𝒒,𝒑 = 𝜕𝐹5
𝜕𝑥

𝜕𝐻
𝜕𝑝𝑥

− 𝜕𝐹5
𝜕𝑝𝑥

𝜕𝐻
𝜕𝑥

+ 𝜕𝐹5
𝜕𝑦

𝜕𝐻
𝜕𝑝𝑦

− 𝜕𝐹5
𝜕𝑝𝑦

𝜕𝐻
𝜕𝑦

= 0 ⋅ 𝑝𝑥
𝑚

− 0 ⋅ 0 + 0 ⋅
𝑝𝑦

𝑚
− 1 ⋅ (𝑚𝑔)

= −𝑚𝑔
Therefore:

d𝐹5
d𝑡

= {𝐹5, 𝐻}𝒒,𝒑 + 𝜕𝐹5
𝜕𝑡

= −𝑚𝑔 + 𝑚𝑔 = 0

𝐹5 = 𝑝𝑦 + 𝑚𝑔𝑡 is a constant of motion.

Summary of five constants of motion:

{



















𝐹1 = 𝑦 −
𝑝𝑦𝑡
𝑚

− 𝑔𝑡2

2
(vertical position − free fall)

𝐹2 = 𝑥 − 𝑝𝑥𝑡
𝑚

(horizontal position − uniform motion)

𝐹3 = 𝐻 =
𝑝2

𝑥 + 𝑝2
𝑦

2𝑚
+ 𝑚𝑔𝑦 (total energy)

𝐹4 = 𝑝𝑥 (horizontal momentum)

𝐹5 = 𝑝𝑦 + 𝑚𝑔𝑡 (modified vertical momentum)

Physical interpretation: These constants encode the initial conditions and conserved quan

tities of projectile motion. 𝐹1 and 𝐹2 relate to the initial position, 𝐹4 and 𝐹5 to the initial 

momentum, and 𝐹3 to the total energy.

♦ ——————————— ♦
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