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Problem 8.6

Show that the Jacobi energy function h({g;, ¢;},t) is a constant of motion if the Lagrangian does
not depend on time explicitly.

The Jacobi energy function is defined as:

h({g, ¢}, t) zqza L({qy, &}, t)

Total time derivative of the Lagrangian:

The total time derivative of L({q,qx},t) is:
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Apply the Euler-Lagrange equation:

oL d (9L
0g; - dt 0q;

Substituting this into the expression above:
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Simplify using product rule:

From the Euler-Lagrange equation:

The first term can be written using the product rule:
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Time derivative of the Jacobi energy function:

Therefore:

The Jacobi energy function is:
oL
=S g = —
2.ia

Taking its total time derivative:
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Substituting the expression for dL/ d¢:
dh d . 0L d . 0L 0L
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Conclusion:

If % = 0 (Lagrangian has no explicit time dependence), then % =0, and h is a constant
of motion.

Additional result: If the kinetic energy is homogeneous of degree 2 in the generalized velocities,
i.e., T({qx, M@ }) = N2T({q, s }), then by Euler’s theorem:

Z(hg_j =2T

For a system where L =T — U with U independent of velocities:

0L _OT
h:Zqia—qi—LZZqia—qi—(T—U):2T—T+U=T+U=E

Therefore,

in this case, the Jacobi energy function equals the total mechanical energy.




Problem 8.7

Two masses m; and m, are suspended by an inexten-

7

sible string which passes over a massless, frictionless
pulley (Atwood machine).

_____ I A PN O T Constraint: z,(t) + z4(t) = constant

Kinetic energy: T = (m,d? + m,d3)

X, Potential energy: U = —g(m,x; + myz,)

X
I Solve for the accelerations of the masses from the

Euler-Lagrange equation and determine the generalized

m, - constraint forces using Lagrange multipliers.

Method 1: Without Lagrange multipliers (eliminate constraint)
Apply constraint:

From the constraint z; (t) + z4(t) = £ (constant), we have:

592 = _551a 53'2 = _j1
Lagrangian in terms of z;:
1 . . 1 .
T= §(m1m% + m2m2) = §(m1 + mz)ﬁ
U=—g(mz +myxy) = —gmyz; — gmy(f — ;) = —g(my — my)z; — gmyl

L(zy, &) = §(m1 + my)i? 4+ g(my —my)z; + gmyl

Euler-Lagrange equation:
oL oL

8_561 = g(my —my), 8_151 = (my +my)i,
ageny on
dt \ 0z, oxr,

(my +my)d; — g(my —my) =0

. mqy —Mmey . .
Ty =——7 8§ Ty=—"T1=
myq + me my + moy

My — My

Method 2: With Lagrange multipliers
Set up the system:

The Lagrangian with both coordinates:
. 1 . .
L(zy, 9, %1, %5) = §(m1x% + mﬂ%) + My gy + mygT,
Constraint: ¥(z,,2z,) =2, + 25— € =0

Modified Euler-Lagrange equations:



Since g—flzland g—zﬁzlz

Solve the system:
From the first two equations:

my&; —myg = myly — Myg
Using &, = —&; from the constraint:

myZy —myg = —MyT; — Myg

(my +my)E; = (my —my)g

5. = M= My 5o T =My
' m1+ng’ 2 m1+m2g
Find Lagrange multiplier:
Substituting back:
my —m 2mm
A=mi, —myg=m——2g—mg=——312
17 19 1ml +m29 19 my +m,y

Generalized constraint forces:

The generalized constraint forces are:

cons — Oy — 2m;my
T Oz mq+moy
cons — A o1 — _—2m1m2
Tg Oz, mq+moy

These represent the tension forces in the string acting on each mass.

The magnitude of the tension is:

2mymy

string m, + M




Problem 8.8

Set up the Lagrangian:

A particle of mass m starts at rest on top of a
smooth fixed hemisphere of radius a. Determine
the angle at which the particle leaves the hemi-
sphere from the Euler-Lagrange equation.

Using polar coordinates (r, #) with origin at the center of the hemisphere:

ALY 242)
L(T,H,T,H) =3 (7" + 70 ) mgr cos 6
Constraint and Lagrange multiplier method:
Constraint: ¢(r,0) =r—a =0

Modified Euler-Lagrange equations:

dt \'or or or
d (oL OL _ \0¢y
&%) - % =2%
Y(r,0) =0
Compute partial derivatives:
oL .
— =mr6? —mgcosb
or
oL .
— =mr
or
<
oL 0
— = mgrsin
a0 ~ Y
oL .
— =mr2f
0
oY _ oy _
Also, 5 =1and 35 =
Write the equations:
mi- — mrf? + mg cos 0 =

mr26 + 2mrif — mgrsind = 0
r—a =0
Apply constraint:

On the hemisphere, r = a, 7 = 0, # = 0. The equations become:



—mab? + mgcosh = A

ma20 — mgasin® =0
Solve for 62:

From the second equation:

§="2sing
a
Using the chain rule 6= é%:
.df
b0 = gsinﬂ
Integrating:
/édé = / I sin6 do
a
052
7 = s+
2 a

Apply initial conditions:
At t =0: 0 =0 and 6 = 0 (starts from rest at the top):
0=-24+c = ¢=12
a a

Therefore:

Find constraint force:

Substituting into the first equation:

. 2
A = —mab? + mgcosd = —ma - —g(l —cos ) + mgcos @
a

A = —2mg(1l — cos ) + mg cos§ = —2mg + 2mg cos § + mg cos 0
A =mg(3cosfd —2)
The constraint force (normal force) is:

cons __ 8¢ — —
Q™ = )\87' =X =mg(3cosf —2)

Particle leaves when constraint force becomes zero:
The particle leaves the hemisphere when the normal force vanishes:
mg(3cosfy, —2) =0
3cosfy =2

2
6, = cos* <§> ~ 48.2°




Physical interpretation: At this angle, the required centripetal force exceeds what gravity can
provide via the normal force, so the particle loses contact with the hemisphere and becomes a
projectile.



