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Problem 1.2

Show that the acceleration of a particle moving along a trajectory 𝒓(𝑡) is given by

𝑎(𝑡) = ( ̇𝑣(𝑡))𝑒𝑇 + 𝑣2(𝑡)
𝜌

𝑒𝑁

, where 𝜌 ≡ 1/𝜅 is its radius of curvature.

Solution

Velocity vector:

The velocity vector is:

𝑣(𝑡) = ̇𝒓(𝑡) = ̇𝑠(𝑡)𝜕𝒓
𝜕𝑠

= 𝑣(𝑡)𝑒𝑇

Acceleration vector:

Taking the time derivative of the velocity:

𝑎(𝑡) = ̇𝑣(𝑡)

= ̇𝑣(𝑡)𝑒𝑇 + 𝑣(𝑡) ̇𝑒𝑇 (𝑡)

= ̇𝑣(𝑡)𝑒𝑇 + 𝑣(𝑡) ̇𝑠(𝑡)𝜕𝑒𝑇
𝜕𝑠

= ̇𝑣(𝑡)𝑒𝑇 + 𝑣2(𝑡)𝜅𝑒𝑁

= ̇𝑣(𝑡)𝑒𝑇 + 𝑣2(𝑡)
𝜌

𝑒𝑁

where we used the definition of curvature 𝜅 = |𝜕𝑒𝑇
𝜕𝑠 | and the fact that 

𝜕𝑒𝑇
𝜕𝑠 = 𝜅𝑒𝑁 , and 𝜌 = 1/𝜅 

is the radius of curvature.

♦ ——————————— ♦
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Problem 1.3

Find the tangent, normal and binormal vectors, as well as curvature and torsion for the circular 

helix.

Solution

Position vector:

The position vector of the circular helix is:

𝒓(𝑡) = 𝑎 cos(𝜔𝑡)𝑒𝑥 + 𝑎 sin(𝜔𝑡)𝑒𝑦 + 𝑏𝜔𝑡𝑒𝑧

where 𝑎, 𝑏, and 𝜔 are constants.

Velocity and speed:

̇𝒓(𝑡) = −𝑎𝜔 sin(𝜔𝑡)𝑒𝑥 + 𝑎𝜔 cos(𝜔𝑡)𝑒𝑦 + 𝑏𝜔𝑒𝑧

The arc length parameter:

𝑠(𝑡) = ∫
𝑡

0
| ̇𝒓(𝜏)| d𝜏 = 𝜔√𝑎2 + 𝑏2𝑡

Therefore:

̇𝑠(𝑡) = 𝜔√𝑎2 + 𝑏2

Tangent vector:

𝑒𝑇 (𝑡) = 𝜕𝒓(𝑠)
𝜕𝑠

= ̇𝒓(𝑡)
̇𝑠(𝑡)

= 1√
𝑎2 + 𝑏2

(−𝑎 sin(𝜔𝑡)𝑒𝑥 + 𝑎 cos(𝜔𝑡)𝑒𝑦 + 𝑏𝑒𝑧)

Normal vector and curvature:

Taking the derivative of the tangent vector:

̇𝑒𝑇 (𝑡) = 𝑎𝜔√
𝑎2 + 𝑏2

(− cos(𝜔𝑡)𝑒𝑥 − sin(𝜔𝑡)𝑒𝑦)

Converting to arc length parameter:

𝜕𝑒𝑇 (𝑡)

𝜕𝑠
= ̇𝑒𝑇

𝑡
̇𝑠
(𝑡) = 𝑎

𝑎2 + 𝑏2 (− cos(𝜔𝑡)𝑒𝑥 − sin(𝜔𝑡)𝑒𝑦)

The curvature is:

𝜅(𝑡) = |
𝜕𝑒𝑇 (𝑡)

𝜕𝑠
| = 𝑎

𝑎2 + 𝑏2

The normal vector is:

𝑒𝑁(𝑡) = 1
𝜅(𝑡)

𝜕𝑒𝑇 (𝑡)

𝜕𝑠
= − cos(𝜔𝑡)𝑒𝑥 − sin(𝜔𝑡)𝑒𝑦

Binormal vector:

𝑒𝐵(𝑡) = 𝑒𝑇 (𝑡) × 𝑒𝑁(𝑡)

= 1√
𝑎2 + 𝑏2

(𝑏 sin(𝜔𝑡)𝑒𝑥 − 𝑏 cos(𝜔𝑡)𝑒𝑦 + 𝑎𝑒𝑧)

Torsion:

Taking the derivative of the binormal vector:

♦ ——————————— ♦
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̇𝑒𝐵(𝑡) = 𝑏𝜔√
𝑎2 + 𝑏2

(cos(𝜔𝑡)𝑒𝑥 + sin(𝜔𝑡)𝑒𝑦)

Converting to arc length parameter:

𝜕𝑒𝐵(𝑡)

𝜕𝑠
= ̇𝑒𝐵

𝑡
̇𝑠
(𝑡) = 𝑏

𝑎2 + 𝑏2 (cos(𝜔𝑡)𝑒𝑥 + sin(𝜔𝑡)𝑒𝑦)

Using the Frenet-Serret formula 
𝜕𝑒𝐵
𝜕𝑠 = −𝜏𝑒𝑁 :

𝜏(𝑡) = −𝑒𝑁(𝑡) ⋅
𝜕𝑒𝐵(𝑡)

𝜕𝑠
= 𝑏

𝑎2 + 𝑏2

Alternatively, we can compute:

̇𝑒𝑁(𝑡) = 𝜔(sin(𝜔𝑡)𝑒𝑥 − cos(𝜔𝑡)𝑒𝑦)

Converting to arc length:

𝜕𝑒𝑁(𝑡)

𝜕𝑠
= ̇𝑒𝑁

𝑡
̇𝑠
(𝑡) = 1√

𝑎2 + 𝑏2
(sin(𝜔𝑡)𝑒𝑥 − cos(𝜔𝑡)𝑒𝑦)

Using the relationship 𝜏 = 𝑒𝐵 ⋅ 𝜕𝑒𝑁
𝜕𝑠 :

𝜏(𝑡) = 𝑒𝐵(𝑡) ⋅
𝜕𝑒𝑁(𝑡)

𝜕𝑠
= 𝑏

𝑎2 + 𝑏2

Summary:

{













𝑒𝑇 (𝑡) = 1√

𝑎2+𝑏2 (−𝑎 sin(𝜔𝑡)𝑒𝑥 + 𝑎 cos(𝜔𝑡)𝑒𝑦 + 𝑏𝑒𝑧)

𝑒𝑁(𝑡) = − cos(𝜔𝑡)𝑒𝑥 − sin(𝜔𝑡)𝑒𝑦

𝑒𝐵(𝑡) = 1√
𝑎2+𝑏2 (𝑏 sin(𝜔𝑡)𝑒𝑥 − 𝑏 cos(𝜔𝑡)𝑒𝑦 + 𝑎𝑒𝑧)

𝜅(𝑡) = 𝑎
𝑎2+𝑏2

𝜏(𝑡) = 𝑏
𝑎2+𝑏2

♦ ——————————— ♦
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Problem 1.4

Establish the relationship between unit basis vectors (𝑒𝜌, 𝑒𝜑) of the polar coordinate system and 

the unit basis vectors (𝑒𝑥, 𝑒𝑦) of the Cartesian coordinate system.

Solution

Transformation from Cartesian to polar:

The position vector in Cartesian coordinates is:

𝒓 = 𝑥𝑒𝑥 + 𝑦𝑒𝑦 = 𝜌 cos 𝜑𝑒𝑥 + 𝜌 sin 𝜑𝑒𝑦

The unit basis vectors in polar coordinates are defined as:

{







𝑒𝜌 =
𝜕𝒓
𝜕𝜌

|𝜕𝒓
𝜕𝜌 | = cos 𝜑𝑒𝑥 + sin 𝜑𝑒𝑦

𝑒𝜑 =
𝜕𝒓
𝜕𝜑

| 𝜕𝒓
𝜕𝜑 | = − sin 𝜑𝑒𝑥 + cos 𝜑𝑒𝑦

Inverse transformation:

To find the inverse transformation, we solve for (𝑒𝑥, 𝑒𝑦) in terms of (𝑒𝜌, 𝑒𝜑). The transformation 

matrix has determinant cos2 𝜑 + sin2 𝜑 = 1, so its inverse is:

{

𝑒𝑥 = cos 𝜑𝑒𝜌 − sin 𝜑𝑒𝜑

𝑒𝑦 = sin 𝜑𝑒𝜌 + cos 𝜑𝑒𝜑

♦ ——————————— ♦
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Problem 1.5

Express the velocity and acceleration vectors in 2D polar coordinates.

Solution

Position vector:

In polar coordinates, the position vector is:

𝒓(𝑡) = 𝜌(𝑡)𝑒𝜌

Time derivatives of basis vectors:

From the relationship:

{

𝑒𝜌 = cos 𝜑(𝑡)𝑒𝑥 + sin 𝜑(𝑡)𝑒𝑦

𝑒𝜑 = − sin 𝜑(𝑡)𝑒𝑥 + cos 𝜑(𝑡)𝑒𝑦

Taking time derivatives:

{

 ̇𝑒𝜌(𝑡) = −𝜑̇(𝑡) sin 𝜑(𝑡)𝑒𝑥 + 𝜑̇(𝑡) cos 𝜑(𝑡)𝑒𝑦 = 𝜑̇(𝑡)𝑒𝜑

̇𝑒𝜑(𝑡) = −𝜑̇(𝑡) cos 𝜑(𝑡)𝑒𝑥 − 𝜑̇(𝑡) sin 𝜑(𝑡)𝑒𝑦 = −𝜑̇(𝑡)𝑒𝜌

Velocity vector:

Taking the time derivative of the position vector:

𝑣(𝑡) = ̇𝒓(𝑡)

= ̇𝜌(𝑡)𝑒𝜌 + 𝜌(𝑡) ̇𝑒𝜌(𝑡)

= ̇𝜌(𝑡)𝑒𝜌 + 𝜌(𝑡)𝜑̇(𝑡)𝑒𝜑

Acceleration vector:

Taking the time derivative of the velocity:

𝑎(𝑡) = ̇𝑣(𝑡)

= ̈𝜌(𝑡)𝑒𝜌 + ̇𝜌(𝑡) ̇𝑒𝜌(𝑡) + ̇𝜌(𝑡)𝜑̇(𝑡)𝑒𝜑 + 𝜌(𝑡)𝜑̈(𝑡)𝑒𝜑 + 𝜌(𝑡)𝜑̇(𝑡) ̇𝑒𝜑(𝑡)

= ̈𝜌(𝑡)𝑒𝜌 + ̇𝜌(𝑡)𝜑̇(𝑡)𝑒𝜑 + ̇𝜌(𝑡)𝜑̇(𝑡)𝑒𝜑 + 𝜌(𝑡)𝜑̈(𝑡)𝑒𝜑 − 𝜌(𝑡)𝜑̇2(𝑡)𝑒𝜌

= [ ̈𝜌(𝑡) − 𝜌(𝑡)𝜑̇2(𝑡)]𝑒𝜌 + [𝜌(𝑡)𝜑̈(𝑡) + 2 ̇𝜌(𝑡)𝜑̇(𝑡)]𝑒𝜑

Summary:

{

𝑣(𝑡) = ̇𝜌(𝑡)𝑒𝜌 + 𝜌(𝑡)𝜑̇(𝑡)𝑒𝜑

𝑎(𝑡) = [ ̈𝜌(𝑡) − 𝜌(𝑡)𝜑̇2(𝑡)]𝑒𝜌 + [𝜌(𝑡)𝜑̈(𝑡) + 2 ̇𝜌(𝑡)𝜑̇(𝑡)]𝑒𝜑

♦ ——————————— ♦
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Problem 1.6

Express the spherical unit basis vectors (𝑒𝑟, 𝑒𝜃, 𝑒𝜑) in terms of Cartesian unit basis vectors 

(𝑒𝑥, 𝑒𝑦, 𝑒𝑧).

Solution

Position vector in spherical coordinates:

The position vector in Cartesian coordinates is:

𝒓 = 𝑥𝑒𝑥 + 𝑦𝑒𝑦 + 𝑧𝑒𝑧 = 𝑟 sin 𝜃 cos 𝜑𝑒𝑥 + 𝑟 sin 𝜃 sin 𝜑𝑒𝑦 + 𝑟 cos 𝜃𝑒𝑧

Partial derivatives:

{



𝜕𝒓

𝜕𝑟 = sin 𝜃 cos 𝜑𝑒𝑥 + sin 𝜃 sin 𝜑𝑒𝑦 + cos 𝜃𝑒𝑧

𝜕𝒓
𝜕𝜃 = 𝑟 cos 𝜃 cos 𝜑𝑒𝑥 + 𝑟 cos 𝜃 sin 𝜑𝑒𝑦 − 𝑟 sin 𝜃𝑒𝑧

𝜕𝒓
𝜕𝜑 = −𝑟 sin 𝜃 sin 𝜑𝑒𝑥 + 𝑟 sin 𝜃 cos 𝜑𝑒𝑦

Magnitudes:

{



|𝜕𝒓

𝜕𝑟 | = √sin2 𝜃 cos2 𝜑 + sin2 𝜃 sin2 𝜑 + cos2 𝜃 =
√

sin2 𝜃 + cos2 𝜃 = 1

|𝜕𝒓
𝜕𝜃 | = 𝑟√cos2 𝜃 cos2 𝜑 + cos2 𝜃 sin2 𝜑 + sin2 𝜃 = 𝑟

√
cos2 𝜃 + sin2 𝜃 = 𝑟

| 𝜕𝒓
𝜕𝜑 | = 𝑟 sin 𝜃√sin2 𝜑 + cos2 𝜑 = 𝑟 sin 𝜃

Unit basis vectors:

{











𝑒𝑟 ≡
𝜕𝒓
𝜕𝑟

|𝜕𝒓
𝜕𝑟 | = sin 𝜃 cos 𝜑𝑒𝑥 + sin 𝜃 sin 𝜑𝑒𝑦 + cos 𝜃𝑒𝑧

𝑒𝜃 ≡
𝜕𝒓
𝜕𝜃

|𝜕𝒓
𝜕𝜃 | = cos 𝜃 cos 𝜑𝑒𝑥 + cos 𝜃 sin 𝜑𝑒𝑦 − sin 𝜃𝑒𝑧

𝑒𝜑 ≡
𝜕𝒓
𝜕𝜑

| 𝜕𝒓
𝜕𝜑 | = − sin 𝜑𝑒𝑥 + cos 𝜑𝑒𝑦

Verification of right-handed coordinate system:

The scalar triple product should equal 1:

𝑒𝑟 ⋅ (𝑒𝜃 × 𝑒𝜑) = 1

This can be verified by direct computation using the expressions above.

This confirms that the basis vectors form a right-handed orthonormal coordinate system.

Summary:

{



𝑒𝑟 = sin 𝜃 cos 𝜑𝑒𝑥 + sin 𝜃 sin 𝜑𝑒𝑦 + cos 𝜃𝑒𝑧

𝑒𝜃 = cos 𝜃 cos 𝜑𝑒𝑥 + cos 𝜃 sin 𝜑𝑒𝑦 − sin 𝜃𝑒𝑧

𝑒𝜑 = − sin 𝜑𝑒𝑥 + cos 𝜑𝑒𝑦

♦ ——————————— ♦
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