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Problem 8.1

A block of mass 𝑚 is free to slide on the wedge of 

mass 𝑀  which can slide on the horizontal table, 

both with negligible friction.

Generalized coordinates: 𝑠 is the distance of 

the block from the top of the wedge and 𝑥 is the 

distance of the wedge from any convenient fixed 

point on the table.

Find the acceleration of the wedge, and acceleration of the block relative to the wedge from 

Lagrange’s equation.

Solution

Position vectors:

{

𝒓1(𝑡) = 𝑥(𝑡)𝑒𝑥

𝒓2(𝑡) = [𝑥(𝑡) + 𝑠(𝑡) cos 𝛼]𝑒𝑥 + [𝐻 − 𝑠(𝑡) sin 𝛼]𝑒𝑦

Kinetic energy:

𝑇 ≡ 𝑇(𝑥, 𝑠, ̇𝑥, ̇𝑠, 𝑡) = 𝑀
2
̇𝒓1(𝑡) ⋅ ̇𝒓1(𝑡) +

𝑚
2
̇𝒓2(𝑡) ⋅ ̇𝒓2(𝑡)

= 𝑀
2
̇𝑥2(𝑡) + 𝑚

2
[ ̇𝑠2(𝑡) + 2 ̇𝑠(𝑡) ̇𝑥(𝑡) cos 𝛼 + ̇𝑥2(𝑡)]

Potential energy:

𝑈 ≡ 𝑈(𝑥, 𝑠) = 𝑚𝑔𝑦2(𝑡) = 𝑚𝑔𝐻 −𝑚𝑔𝑠(𝑡) sin 𝛼

Lagrange’s equation for 𝑥(𝑡):

{





𝜕𝑇
𝜕 ̇𝑥

= (𝑀 +𝑚) ̇𝑥(𝑡) + 𝑚 ̇𝑠(𝑡) cos 𝛼

𝜕𝑇
𝜕𝑥

= 0

𝜕𝑈
𝜕𝑥

= 0

d
d𝑡
(𝜕𝑇
𝜕 ̇𝑥
) − 𝜕𝑇

𝜕𝑥
= −𝜕𝑈

𝜕𝑥
⇒ (𝑀 +𝑚) ̈𝑥(𝑡) + 𝑚 ̈𝑠(𝑡) cos 𝛼 = constant

Lagrange’s equation for 𝑠(𝑡):

♦ ——————————— ♦
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{





𝜕𝑇
𝜕 ̇𝑠

= 𝑚 ̇𝑠(𝑡) + 𝑚 ̇𝑥(𝑡) cos 𝛼

𝜕𝑇
𝜕𝑠

= 0

𝜕𝑈
𝜕𝑠

= −𝑚𝑔 sin𝛼

d
d𝑡
(𝜕𝑇
𝜕 ̇𝑠
) − 𝜕𝑇

𝜕𝑠
= −𝜕𝑈

𝜕𝑠
⇒ 𝑚 ̈𝑠(𝑡) + 𝑚 ̈𝑥(𝑡) cos 𝛼 = 𝑚𝑔 sin𝛼

System of equations:

{

(𝑀 +𝑚) ̈𝑥(𝑡) + 𝑚 ̈𝑠(𝑡) cos 𝛼 = constant

𝑚 ̈𝑠(𝑡) + 𝑚 ̈𝑥(𝑡) cos 𝛼 = 𝑚𝑔 sin𝛼

Assuming the system starts from rest (constant = 0):

{

(𝑀 +𝑚) ̈𝑥(𝑡) + 𝑚 ̈𝑠(𝑡) cos 𝛼 = 0

𝑚 ̈𝑠(𝑡) + 𝑚 ̈𝑥(𝑡) cos 𝛼 = 𝑚𝑔 sin𝛼

Solving for accelerations:

{






̈𝑥(𝑡) = −𝑚𝑔 sin𝛼 cos 𝛼

𝑀 +𝑚sin2 𝛼

̈𝑠(𝑡) = (𝑀 +𝑚)𝑔 sin 𝛼
𝑀 +𝑚sin2 𝛼

♦ ——————————— ♦

2



Problem 8.2

A plane double pendulum consists of two light 

and inextensible rods of lengths ℓ1 and ℓ2 re­
spectively. Two point masses, 𝑚1 and 𝑚2, are 

respectively attached at the end of each rod.

Holonomic constraints:

{

𝑓1 = 𝑥21 + 𝑦21 − ℓ21 = 0

𝑓2 = (𝑥2 − 𝑥1)
2 + (𝑦2 − 𝑦1)

2 − ℓ22 = 0

Generalized coordinates: (𝑞1, 𝑞2) ≡ (𝜃1, 𝜃2)

Obtain the equations of motion for the plane 

double pendulum from the Euler Lagrange equa­

tion.

Solution

Holonomic constraints:

{

𝑓1 = 𝑥21 + 𝑦21 − ℓ21 = 0

𝑓2 = (𝑥2 − 𝑥1)
2 + (𝑦2 − 𝑦1)

2 − ℓ22 = 0

Position vectors:

{

𝒓1(𝑡) = ℓ1 sin 𝜃1(𝑡)𝑒𝑥 + ℓ1 cos 𝜃1(𝑡)𝑒𝑦

𝒓2(𝑡) = [ℓ1 sin 𝜃1(𝑡) + ℓ2 sin 𝜃2(𝑡)]𝑒𝑥 + [ℓ1 cos 𝜃1(𝑡) + ℓ2 cos 𝜃2(𝑡)]𝑒𝑦

Kinetic energy:

𝑇 ≡ 𝑇(𝜃1, 𝜃2, ̇𝜃1, ̇𝜃2, 𝑡) =
𝑚1
2

̇𝒓1(𝑡) ⋅ ̇𝒓1(𝑡) +
𝑚2
2

̇𝒓2(𝑡) ⋅ ̇𝒓2(𝑡)

= 𝑚1 +𝑚2
2

ℓ21 ̇𝜃21(𝑡) +
𝑚2
2
ℓ22 ̇𝜃22(𝑡) + 𝑚2ℓ1ℓ2 ̇𝜃1(𝑡) ̇𝜃2(𝑡) cos[𝜃1(𝑡) − 𝜃2(𝑡)]

Potential energy:

𝑈 ≡ 𝑈(𝜃1, 𝜃2) = −𝑚1𝑔𝑦1(𝑡) − 𝑚2𝑔𝑦2(𝑡)
= −(𝑚1 +𝑚2)𝑔ℓ1 cos 𝜃1(𝑡) − 𝑚2𝑔ℓ2 cos 𝜃2(𝑡)

Lagrangian:

ℒ︀ ≡ ℒ︀(𝜃1, 𝜃2, ̇𝜃1, ̇𝜃2, 𝑡) = 𝑇 − 𝑈

= 𝑚1 +𝑚2
2

ℓ21 ̇𝜃21(𝑡) +
𝑚2
2
ℓ22 ̇𝜃22(𝑡) + 𝑚2ℓ1ℓ2 ̇𝜃1(𝑡) ̇𝜃2(𝑡) cos[𝜃1(𝑡) − 𝜃2(𝑡)]

+(𝑚1 +𝑚2)𝑔ℓ1 cos 𝜃1(𝑡) + 𝑚2𝑔ℓ2 cos 𝜃2(𝑡)

Euler-Lagrange equation for 𝜃1(𝑡):

{



𝜕ℒ︀
𝜕 ̇𝜃1

= (𝑚1 +𝑚2)ℓ21 ̇𝜃1(𝑡) + 𝑚2ℓ1ℓ2 ̇𝜃2(𝑡) cos[𝜃1(𝑡) − 𝜃2(𝑡)]

𝜕ℒ︀
𝜕𝜃1

= −𝑚2ℓ1ℓ2 ̇𝜃1(𝑡) ̇𝜃2(𝑡) sin[𝜃1(𝑡) − 𝜃2(𝑡)] − (𝑚1 +𝑚2)𝑔ℓ1 sin 𝜃1(𝑡)

♦ ——————————— ♦
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d
d𝑡
(𝜕ℒ︀
𝜕 ̇𝜃1

)− 𝜕ℒ︀
𝜕𝜃1

= 0

(𝑚1 +𝑚2)ℓ21 ̈𝜃1(𝑡) + 𝑚2ℓ1ℓ2 ̈𝜃2(𝑡) cos[𝜃1(𝑡) − 𝜃2(𝑡)]

+𝑚2ℓ1ℓ2 ̇𝜃22(𝑡) sin[𝜃1(𝑡) − 𝜃2(𝑡)] + (𝑚1 +𝑚2)𝑔ℓ1 sin 𝜃1(𝑡) = 0

Euler-Lagrange equation for 𝜃2(𝑡):

{



𝜕ℒ︀
𝜕 ̇𝜃2

= 𝑚2ℓ22 ̇𝜃2(𝑡) + 𝑚2ℓ1ℓ2 ̇𝜃1(𝑡) cos[𝜃1(𝑡) − 𝜃2(𝑡)]

𝜕ℒ︀
𝜕𝜃2

= 𝑚2ℓ1ℓ2 ̇𝜃1(𝑡) ̇𝜃2(𝑡) sin[𝜃1(𝑡) − 𝜃2(𝑡)] − 𝑚2𝑔ℓ2 sin 𝜃2(𝑡)

d
d𝑡
(𝜕ℒ︀
𝜕 ̇𝜃2

)− 𝜕ℒ︀
𝜕𝜃2

= 0

𝑚2ℓ22 ̈𝜃2(𝑡) + 𝑚2ℓ1ℓ2 ̈𝜃1(𝑡) cos[𝜃1(𝑡) − 𝜃2(𝑡)] − 𝑚2ℓ1ℓ2 ̇𝜃21(𝑡) sin[𝜃1(𝑡) − 𝜃2(𝑡)] + 𝑚2𝑔ℓ2 sin 𝜃2(𝑡) = 0

♦ ——————————— ♦
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