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Problem 8.1

A block of mass m is free to slide on the wedge of
mass M which can slide on the horizontal table,
both with negligible friction.

Generalized coordinates: s is the distance of
the block from the top of the wedge and z is the
distance of the wedge from any convenient fixed

point on the table.

Find the acceleration of the wedge, and acceleration of the block relative to the wedge from
Lagrange’s equation.

Position vectors:

Kinetic energy:

T =T(z,s,&,5,t) = %fl(t) Py () + %fz(t) + (1)

= 79’02@) + % $2(t) + 25(t)z(t) cos a + £2(t)]

Potential energy:
U=U(z,s) = mgyy(t) = mgH — mgs(t) sina

Lagrange’s equation for z(t):

.
8—T = (M + m)z(t) + ms(t) cosa
ot
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= (%) 3 = o = (M + m)i(t) + m3(t) cos @ = constant

Lagrange’s equation for s(t):
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dt \ 0s ds  0Os

ms(t) + ma(t) cos a

0

= —mgsina

= més(t) + mi(t) cosa = mgsina

System of equations:
(M + m)Z(t) + ms(t) cos a = constant
{ms(t) + mi(t) cos @ = mgsin«
Assuming the system starts from rest (constant = 0):
(M 4+ m)&(t) + ms(t) cosa =0
{mé(t) + mi(t) cosa = mgsin a

Solving for accelerations:

mg sin o cos o
M + msin2 a

() =

(M +m)gsina
M + msin? o

5(t) =




Problem 8.2

A plane double pendulum consists of two light

W////W x and inextensible rods of lengths ¢; and /¢, re-

spectively. Two point masses, m; and m,, are

respectively attached at the end of each rod.
Holonomic constraints:

f1:$%+y%_€%:0

2 2
19 1Y) fo=(xy—21)" + (Yo —91)" — =0
: L Generalized coordinates: (¢;,q5) = (6;,65)
|
"0, Obtain the equations of motion for the plane
@, ¥2) double pendulum from the Euler Lagrange equa-
) tion.

Holonomic constraints:

fi=ei+ei-B=0

2 2
fo=(@y—z) +(yo—1y) —€65=0
Position vectors:

r1(t) = £y sin 0, (t)é, + ¢, cos b, (t)é,
o (t) = [¢1 8in 0, (t) + £y sin 05 (t)]€,, + [¢1 cos O, (t) + £, cos O5(t)]€,
Kinetic energy:

= T(017927917927t) = 717“1@) "rl(t> + 727“2@) 'T2(t>

_ my +my

5 0303 (t) + %@95@ + Mgty €50, (£)0,(t) cos[fy () — O, (t)]

2
Potential energy:
U=U(0,,0,) = —mygy, (t) — magys(t)
= —(my + my)gly cos b, (t) — mygl, cos by (1)
Lagrangian:

£=£(0,,05,0,,0,,t) =T —U

63(£) + 52 0303(£) + maty €01 (£)85(8) cos[O (£) — 6,(1)]

mq + my £2
— 5 4
+(my + my)gly cos by (t) + mqgls cos Oy(t)

Euler-Lagrange equation for 0, (t):

8_'15 = (my + my) 020, (t) + myly£y0,(t) cos[d, (t) — O,(t)]
00,
S—Z = —m2€1€291 (t)éz (t)sin[0; (t) — 0,5(t)] — (my + my)gl, sin b, (t)



afoc) oL
dt \ 96, 00,

(my + my) 030, (t) + maly 5,05 (t) cos[f; (£) — O,(t)]
+m2€1€29§ () sin[f, (t) — 05(t)] + (mq + my) gl sinb,(t) =0

Euler-Lagrange equation for 6,(%):

0L . .
0. My l50(t) + maly €50, (t) cos[f (t) — 05(t)]
2
0L . : . .
8_92 = myl1 €56, (t)05(t) sin[0; (t) — O5(¢)] — mogly sin O,(2)

afoe)_os_
dt \ 86, 90,

m2€§é2(t) + m2€1€2é1 (t) cos[b, (t) — O,()] — m2£1£29%(t) sin[0; (t) — 05(t)] + mogly sinfy(t) = 0




