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Problem 6.1

A particle is confined to a moving surface where the equation of the surface is given by f(r,t) =
0. Show that the virtual displacement is tangent to the surface at the same time.

Consider a particle constrained to the surface f(r,t) = 0.
For a virtual displacement dr at fixed time, Taylor expansion gives:
f(r(t) +or,t) =0
Expanding to first order:
f(r(t),t) + Vf(r,t)-dr=0
Since the particle is already on the surface, f(r(t),t) = 0, therefore:
Vf(r,t) -or=0

This shows that the virtual displacement ér is perpendicular to the gradient V f(r,t), which is
the normal to the surface. Hence, dr is tangent to the surface.

For an actual displacement, the particle moves to r(t + dt) at time ¢ + d¢:
f(r(t) +dr,t+dt) =0

Expanding:
of
f(r@),t) + Vf(rt) -dr+ adt =0
Again, since f(r(t),t) = 0:
of .,
Vf(rt) -dr+ adt =0

This equation shows that the actual displacement dr has both a component tangent to the
surface and a component accounting for the time evolution of the surface itself.

Problem 6.2

Show that the total virtual work by the constrained forces on the two particles connected by a
rigid rod moving in the space is zero.

Consider two particles connected by a rigid rod of length £. The constraint is:

flry,ry) = |r; _7°2|2 —£2=0



Taking the differential of the constraint:

of af
95 s R -
or, Tt or, =0
Computing the partial derivatives:
aof af
3_7“1 = 2(ry —73), 5_7"2 =—2(ry —1y)

Therefore:
(ry —73) - (67 —dry) =0
The constraint forces on the two particles are equal and opposite, acting along the rod:
fi=Ary —m) =—f,
where A is the Lagrange multiplier (tension/compression in the rod).
The total virtual work is:
OW = fy-0r + fy - 0y
= f1 - (6ry —dry)
= A(ry —7y) - (0ry — 67y)
=0

Thus, the total virtual work done by the constraint forces is zero.

Problem 6.3

massless and frictionless pulley.

Holonomic constraints:
filry,ry) =2y +3y—£=0
fo(ry,mg) =9y, =0
fa(ry,my) =y, =0
Applied forces:
FI(A) (t) = mygsin6,é, —m gcosb,é,

FQ(A) (t) = mogsinbyé, —mygcosbye,,

Establish the condition for equilibrium from the principle of virtual work.

Determine virtual displacements from constraints:

Given the holonomic constraints:

Two masses m; and m, are located each on a
smooth double inclined plane with angles 6, and
0, respectively. The masses are connected by a
massless and inextensible string running over a



filry,my) =21 + 29— £ =0
fa(ry,me) =9 =0
f3(7’1a7’2) =y, =0

Taking virtual variations:

5.’1;1 = _5$2
oy; =0

Therefore, the virtual displacements are:
5T2 = 5$2é$2
Apply principle of virtual work:

The principle of virtual work states that for equilibrium:
> FA(t)-or, =0

Computing the virtual work:

Fl(A) -ory + FQ(A) S0ry = (mlgsin 0,€,, —mygcos Qléyl) . (&cléxl)

+(m29 sinfy€, —mygcos 02éy2) . (5m2ém2)
= m,gdz, sinf; + mygdx, sin b,
Using the constraint dz; = —dx,:
= mygdx, sinf; + mygdx,sinfy =0
= (m,gsinf; —mygsinb,)dx; =0

Since dz, is arbitrary (non-zero in general), we obtain the equilibrium condition:

This is the condition for equilibrium of the two-mass system on the double inclined plane.



