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Problem 5.7

A ball P of mass 2m is suspended by two light inextensible strings of length a from two sliders @) and
R, each of mass m, which can move on a smooth horizontal rail. The system moves symmetrically
so that O, the midpoint of Q and R, remains fixed and P moves on the downward vertical through
O. Initially, the system is released from rest with the three particles in a straight line and with the
strings taut. Ignore gravitational forces between masses.

R O =z Q
I

P|2m

Tension forces exerted by the inextensible strings do zero work in total. Why?

Derive the first order differential equation governing the dynamics of the system.

Proof that tension forces do zero work:

Given that [r,(t) —rs(t)] - [r,(t) — rs(t)] = constant,

%[ra(t) = rﬂ(t)] . [ra(t) — r,@(t)] =0

= [Fa = o] - [Falt) = 5] + [ra(t) = 75(0)] - [Fagy = a0 =0
= 2[ra(t) = rp(0)] - [Fa ~ o] =0

The string tension f,g is parallel to (re — rﬁ), SO fop - (g — 'i“ﬁ) =0.

Therefore,

ty t, ty
W = /t; fa,@(t) . ’I"‘a(t) d(t) + /t; fﬁa(t) . 7'06(1‘,) d(t) = /t1 faﬁ(t) . [’ina(t) _ ﬁﬁ(t)] d(t) -0

This shows that tension forces exerted by inextensible strings do zero work in total.

Dynamics of the system:



For the three-particle system, we set up coordinates with O at origin. Due to symmetric motion,
Q@ and R (mass m each) move equal distances from O along y-axis, while P (mass 2m) moves
vertically below O. With string length a and angle 6 from vertical:

r1(t) = Tr(t) = —acosd(t)é, 7, (t) = +ab(t) sin 0(t)é,
ro(t) = ro(t) = +acosf(t)e, = { 7y(t) = —ab(t)sin o(t)é,
r3(t) = rp(t) = —asind(t)e, 75(t) = —ab(t) cos O(t)é,
The kinetic energy is:
) . 1 )
T(t) = %ma292 sin? 0 + %ma292 sin? 0 + 5(2171)6392 cos? 6
= ma?6?(sin? 0 + cos? 0) = ma?6%(t)

The potential energy due to gravity (taking rail level as reference):

U™ (ry(t), r5(t), r5(t)) = mg -0+ mg -0+ 2mg(—asinf(t)) = —2mgasin 6(t)

The external non-conservative forces (rail normal forces) do zero work: W, = 0

For internal constraint forces (string tensions), since the strings are inextensible: W ;.. = 0
Since all constraint forces do zero work: U™ (7, (t), 75(t), 75(t)) =0
The total energy is:

E(t) = —2mgasin 0(t) + ma26(t)
Initially (particles in straight line, released from rest): 8(0) = 0, §(0) = 0

E(0) = ma? - 0 — 2mgasin(0) = 0
By conservation of energy,

Et)=EW0)=0 = ma26?(t)—2mgasinf(t) =0
02(t) — %g sinf(t) = 0

Problem 5.8
A block of mass m is projected from z(0) = +a with #(0) = —u along the z-axis under action of a

spring with spring constant k. Obtain the first order differential equation governing the dynamics
of the block and solve for z(t).

The total energy of the system is:
1
E(t) = U(x(t» + —ma'cz(t) = —]{;xz(t) + Zmai2 (t)

At t=0:

By conservation of energy:



1 1
5]@3)2( ) - —m.fz =

\/7,/E— %m?
= i(t) = —\/;,/E - %kmz(t) [+ #(0) = —u < 0]

N dzx _ /2 d(t)
d\/E—%ka m

2
= /=t

T d /
;5/ #2_ 2
a \/E—1k(z')
=>t=— m arcsin k x | — arcsin k a
N k V 2E V2E
o kt— . |k B . [k
= arcsin 5 Ex arcsin Yo a
N . [k _ /kt—i— . [k
arcsin 5 Em = - arcsin 2 Ea
SV LT [ Lrm—
T = sin arcsin 5 Ea
= (t)—\/2E i —\/kt—i— i \/ i
z(t) = A sin = arcsin 5 Ea

Substituting E = %ka2 + %mu2 and using trigonometric identities:
z(t) =1/a® + mu? sin | —4/ Et + arcsin | —e——
k m /a2 + mTu?
mu? | | ) a k
= z(t) =¢\/a® + sin | arcsin [ —— cos —t
k a2 4 mu? m
. a . | k
—cos| arcsin | ——— sin —1
( ( a? + ) ) ( "
2 k mu? k
= z(t) = a? + % d —cos| {/—t ——kgsin 4f —t
k a2 4 mu m a2 4 mu? m




Problem 5.9

Derive the expression for the approximate period for small amplitude oscillations about =z = .

For small oscillations about an equilibrium point z,, we expand the potential in a Taylor series:
1 2
U(z) ~ U(zy) + §U”(:v0)(x — %)

where U’ (z,) = 0 at equilibrium. Let A be the amplitude of oscillation, so the turning points are
z, =29 — A and z, = 2, + A.

The energy at the turning points is:

1
SU" () A?

E=U(z,) =Ul(zy) + 1Uﬂ(%)(ﬂh - 330)2 =U(zo) + 5

2

B = Uls,) = Ulao) + 50" (@) (@ — a0)" = Ulao) + 50" (z0) 42

Therefore:

B~ U(o) = Ulao) + 50" (@) 42 = [Ulay) + 30" (z0) (2 — 20)?

=E—U(z)= %U”(mo) [4% = (z — z0)?]

T:ﬁ/?/jﬁfl%

S VA ey
-t [ 7 —d =

Making the substitution x — z, = Au:

;‘T:“\/U"T )/\/%

T /1 dtw)
Ul/ @ 1_u2

The period is given by:

The integral evaluates to:

[arcsin(u)]§ = arcsin(1) — arcsin(0) = g —0= o

/m

Therefore:




Problem 5.10

Obtain a second order differential equation for z(t) for the inverted harmonic oscillator with E >
0 and initial conditions z(0) and #(0). Solve for z(t).

For the inverted harmonic oscillator, the potential is:

1
U(z) = —§mw§x2
The total energy is:
1 1
E(t) = §mi:2 (t) — gmwng(t)
At t=0:
L .o L 9 9
E= gmé (0) — MW (0)
To find the second-order differential equation, we differentiate the energy equation:
dE
—= mz(t)i(t) — mwiz(t)z(t) = 0

= ma(t)[i(t) — wiz(t)] =0
Since energy is conserved and z(t) # 0 (for E > 0):
#(t) —wiz(t) =0
This is the second-order differential equation. The general solution is:
z(t) = C; cosh(wyt) + C, sinh(wyt)
Applying initial conditions:

z(0) = C, cosh(0) + C, sinh(0) = C, Gy = x(0)
= .
%(0) = wyC; sinh(0) + wyC, cosh(0) = w,C, C, = %2)
Therefore:
z(t) = z(0) cosh(wgt) + £0) sinh(wt)

Wo

Alternative Method: From conservation of energy:
1 1

5ma':2(t) — imwgfvz (t)=F
2F
= 32(t) = — + wiz?(?)
2F
= &(t) = £1/ — + wiz(?)

For the inverted harmonic oscillator with £ > 0, the motion is unbounded. We choose the positive
sign for ¢t > 0:

dx 2F 2.9
@&V Tt
* *



=dt
% + wiz?
=(t) dz’ 2F
=1t= Let a = 5
2(0) /22 4+ w3 (z’)? me
z(t) dz’
—t= [
2(0) \/wg (a2 + (a:’)z)
1 /z(t) dx/
=>t=—
Wo J0) v/ a2+ (z')?
2\ 1*®
=>t=— [smh_1 (—)] [using standard integral]
Wo a

g )
= wyt = sinh™* (?) — sinh ™! (@)
(

t
= sinh™! (&) = wyt + sinh™?
(6%

= z(t) = sinh [wot + sinh™! (ac_()) ]
a

= z(t) = asinh [Wot + sinh~?! (%@)]
=g = [Sinh(%t) cosh (sinhl (?) ) + cosh(wyt) sinh (sinhl (@) )]

0))” 0
=z(t) =« {sinh(wot) 1+ (?) + cosh(wot)?] [using sinh ! identities]

1 [2F
= z(t) = z(0) cosh(wyt) + —1/ — + x(0)? sinh(wyt)
wo V. m

z(t) = z(0) cosh(wgt) + £0)

inh(wyt
e sinh(wt)




