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Problem 5.4

Show that the total mechanical energy with time-independent potential energy is a constant of 

motion.

Solution

Given relationships:

𝐸(𝑡) ≡ 𝑈(𝒓(𝑡)) + 𝑇 (𝑡), 𝑭 (𝒓) = −𝛁𝑈(𝒓), 𝑭 (𝒓(𝑡)) = 𝑚 ̈𝒓(𝑡)

Taking the time derivative of total energy:

d𝐸
d𝑡

= d
d𝑡

[𝑈(𝒓(𝑡)) + 𝑚
2

̇𝒓(𝑡) · ̇𝒓(𝑡)]

= 𝛁𝑈(𝒓(𝑡)) · ̇𝒓(𝑡) + 𝑚 ̈𝒓(𝑡) · ̇𝒓(𝑡)
= −𝑭(𝒓(𝑡)) · ̇𝒓(𝑡) + 𝑭(𝒓(𝑡)) · ̇𝒓(𝑡)
= 0

Therefore, the total mechanical energy is conserved when the potential energy is time-indepen

dent.

Problem 5.5

The electrostatic force on a point charge 𝑞 located at 𝒓 due to a fixed point charge 𝑄 at the origin 

is given by

𝑭(𝒓) = 𝑄𝑞
4𝜋𝜀0𝑟2

𝑒𝑟

Show that it is conservative and find the corresponding potential energy.

Solution

Given force:

𝑭(𝒓) = 𝑄𝑞
4𝜋𝜀0𝑟2

𝑒𝑟 ≡ 𝑓(𝑟)𝑒𝑟, where 𝑓(𝑟) = 𝑄𝑞
4𝜋𝜀0𝑟2

Testing for conservativity using curl:

𝛁×𝑭(𝒓) = 1
ℎ1ℎ2ℎ3

det

(





(



ℎ1𝑒𝑟

𝜕
𝜕𝑟
ℎ1𝐹𝑟

ℎ2𝑒𝜃
𝜕
𝜕𝜃
ℎ2𝐹𝜃

ℎ3𝑒𝜑
𝜕
𝜕𝜑
ℎ3𝐹𝜑)






)





= 1
𝑟2 sin 𝜃

det

(




(




𝑒𝑟
𝜕
𝜕𝑟
𝑓(𝑟)

𝑟𝑒𝜃
𝜕
𝜕𝜃
0

𝑟 sin 𝜃𝑒𝜑
𝜕
𝜕𝜑
0 )





)




= 0

Computing the gradient of potential energy:

♦ ——————————— ♦
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𝛁𝑈(𝒓) = 1
ℎ1

𝜕𝑈(𝑟)
𝜕𝑟

𝑒𝑟 +
1
ℎ2

𝜕𝑈(𝑟)
𝜕𝜃

𝑒𝜃 +
1
ℎ3

𝜕𝑈(𝑟)
𝜕𝜑

𝑒𝜑

= 𝜕𝑈(𝑟)
𝜕𝑟

𝑒𝑟 +
1
𝑟
𝜕𝑈(𝑟)
𝜕𝜃

𝑒𝜃 +
1

𝑟 sin 𝜃
𝜕𝑈(𝑟)
𝜕𝜑

𝑒𝜑

= d
d𝑟

[−∫
𝑟

𝑟0

𝑓(𝑟′)𝑑𝑟′]𝑒𝑟 = −𝑓(𝑟)𝑒𝑟

Therefore:

𝑭(𝒓) = −𝛁𝑈(𝒓) = 𝑓(𝑟)𝑒𝑟
Computing the potential energy:

𝑈(𝑟) = −∫
𝑟

𝑟0

𝑓(𝑟′)𝑑𝑟′ = − 𝑄𝑞
4𝜋𝜀0

∫
𝑟

𝑟0

1
𝑟′2

𝑑𝑟′

= − 𝑄𝑞
4𝜋𝜀0

[− 1
𝑟′
]
𝑟

𝑟0
= 𝑄𝑞

4𝜋𝜀0
(1
𝑟
− 1

𝑟0
)

The electrostatic force is conservative, and the corresponding potential energy is

𝑈(𝑟) = 𝑄𝑞
4𝜋𝜀0

(1
𝑟
− 1

𝑟0
)

.

Problem 5.6

Show that the total mechanical energy with time-dependent potential energy is not a constant of 

motion.

Solution

We have,

{


𝑇(𝑡) = 1

2𝑚 ̇𝒓(𝑡) · ̇𝒓(𝑡)

𝑈(𝒓, 𝑡) = −∫
𝒓

𝑟0

𝑭(𝒓′, 𝑡) · 𝑑𝒓′

⟹

{


𝑑𝑇 = 𝑚 ̈𝒓(𝑡) · ̇𝒓(𝑡)𝑑𝑡 = 𝑭(𝒓(𝑡), 𝑡) · ̇𝒓(𝑡)𝑑𝑡 = −𝛁𝑈(𝒓(𝑡), 𝑡) · 𝑑𝒓

𝑑𝑈 = 𝛁𝑈(𝒓(𝑡), 𝑡) · 𝑑𝒓 + 𝜕𝑈(𝒓(𝑡), 𝑡)
𝜕𝑡

𝑑𝑡

So,

𝑑𝐸 = 𝑑𝑇 + 𝑑𝑈 = 𝜕𝑈(𝒓(𝑡), 𝑡)
𝜕𝑡

𝑑𝑡 ⟹ d𝐸
d𝑡

= 𝜕𝑈(𝒓(𝑡), 𝑡)
𝜕𝑡

≠ 0

Therefore, when the potential energy has explicit time dependence, the total mechanical 

energy is not conserved.

♦ ——————————— ♦
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