Assignment 6

Parth Bhargava - A0310667E

PC3261
Classical Mechanics 1T

November 22, 2025

Problem 1
[40 pts] Beads on rotating hoop

Consider a system consisting of two beads, a massless spring and a circular light hoop. The beads
are connected by the spring and they slide without friction on the hoop. The hoop lies in the yz
-plane with its center at the origin of the coordinate system. The yz-plane is horizontal and the
spring is parallel to the y-axis. Each bead has mass m, the force constant of the spring is k and
the radius of the hoop is R. The equilibrium length 2r, of the spring is less that the diameter of
the hoop, i.e. ry < R. Suppose the hoop rotates about the z-axis with a constant angular speed w.
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(a) Express the Lagrangian in terms of cylindrical coordinates and show that it can be written in
the one-dimensional form:
1
22
L= gHe" — Veti(2)
, where y is the position-dependent effective mass and V is the one-dimensional effective potential.
Determine the expressions for u and Vi)

(b) Determine the equilibrium points z, of the beads. And, determine the stability of these
equilibrium points. Show that there exists a critical angular speed w,; at which the stability of
these equilibrium points should depend on whether w > w ., W = Wy OF W < W,y respectively.

(¢) Now, suppose the axis of rotation of the hoop is turned through an angle a about the y-axis.
Determine the effect of a uniform gravitational field g = —gé, on the above results.

(d) Determine the angular frequencies of small oscillations about the equilibrium points when o =
0. Express the results in terms of w, w,;, and wy = \/2%.

Remark: This system is a mechanical equivalent of a thermodynamic system where the state

is characterized by three physical variables: z,, w and g. This simple system provides insights
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into topics like spontaneous symmetry breaking, phase transitions, order parameters and critical
exponents in the thermodynamic system. The angular speed w is analogous to the temperature
in a thermodynamic system. The equilibrium positions z, play the role of an order parameter
which ‘spontaneously’ acquires a non-zero value growing as /W, — w just below w;;. The critical
exponent for this order parameter is % which is very familiar in the Landau theory for various
systems with second-order phase transitions. The role of the gravitational force is to cause an
explicit symmetry breaking illustrating the difference between explicit and spontaneous symmetry
breaking.

Part (a): Lagrangian and effective potential
Setup and coordinates
Two beads on circular hoop in yz-plane, radius R. Hoop rotates about z-axis at constant w.

Use cylindrical coordinates (p, ¢, 2) where:
e p = perpendicular distance from z-axis
e = azimuthal angle (increases with rotation)
e z = height along rotation axis

Constraint (on hoop): p? + 22 = R?,s0 p = VR2 — 22
Positions of beads

By symmetry of the rotating system and spring force, the two beads remain symmetrically placed
in the rotating frame, both at the same height z but on opposite sides of the hoop (separated by
angle pi):

Bead 1: (p,¢q,2) = (\/R2 — 22, wt, z)
Bead 2: (p, g, 29) = (\/R2 — 22, wt +, z)
Both beads are at the same z-coordinate, but on opposite sides of the hoop in the xy-plane.

Due to symmetry, we need only one generalized coordinate: z (position along z-axis, same for
both beads).

Velocity of bead 1 in inertial frame

Position in Cartesian:
z, = pcos(wt) = VR? — 22 cos(wt)
y, = psin(wt) = VR2 — 22 sin(wt)

1:

N
N

Velocity:
by = cos(wt) — wV R% — 22 sin(wt)
! Z_ 2
R? — 2
. =22 ) 5 2
Yy = T sin(wt) + wV R? — 22 cos(wt)
Speed squared:

222 2, 52
vy =] + Y7 + 21



2222

= m(cos2 (wt) 4 sin?(wt)) + w?(R? — 2?) (sin?(wt) + cos?(wt))
+%:;2(— cos(wt) sin(wt) + sin(wt) cos(wt)) + 22

2:2
:—Rj £ 5 +w?(R? —2%) + 22
—2z

2
= 32 (Rf_ =+ 1) + w?(R? — 2°)

2 R2 2 2 2
=z m'i‘w (R —Z)

Kinetic energy

By symmetry, bead 2 has the same kinetic energy:

L o ) R? 2(p2 _ 2
T=2-§mvl—m Py tw (R? — 2?)
R22
=17:2722+mw2(R2—22)

Potential energy

Distance between beads:
e Bead 1 at (pcos0,psin0, z) = (p,0, z) in rotating frame
e Bead 2 at (pcosm, psinm, z) = (—p, 0, 2) in rotating frame

Distance in 3D:
d®> = (p— (=p))? + (0 - 0)* + (2 — 2)* = 4p” = 4(R? — 2?)
d=2p=2VR?— 22

Spring potential energy:

Viping = 5H(d — 2r0)? = SH(2VEE— 22 — 2r)” = 9h(VRE — 22 — o)’
Lagrangian
mR?#? 2
L=T=V = gp—g +me (R —2%) — 2k(VR: =22 — o)
Rearranging:

mR? . 2
L=———-2— [2k(VR2—22—T0) —mw2(R2—z2)]

%
R2 _ 2

This is of the form L = 1u(z)2* — Vost(») Where:

€

Simplified form



Let p = VR? — 22. Then:

2mR?
2

I
Veer = 2k(p — 7"0)2 — mw?p®

Part (b): Equilibrium points and stability
Equation of motion

The Euler-Lagrange equation with z-dependent mass p(z):

d . dL
E(N(Z)Z) = dz

At equilibrium: z = 0 and % =0
2
Using Vi = 2]9(\/R2 — 22— 7‘0) — mw?(R% — 22):

e _ gy, 2(VRZ =22 —1y) -~ — mu? - (=22)

dz RZ — 2
4kz 9
= ——(\/R?—z2 —ro) + 2mw-z
R2 _ 52

[ 4k(R? — 22) — dkryVR?2 — 22 2]

=z|— + 2mw
R2 _ 2

[ 4 2 2

_ | _4kVRE 2 — (dkry) N 2mw2]
R2 _ 2

For equilibrium, either z = 0 or the bracket vanishes.
Equilibrium 1: z = 0 (equatorial plane)

At 2 =0: p = R, distance d = 2R

Using p = VR? — 22:

dVer _ dVey dp _ dVg —& _ AV 2

dz  dp dz dp VRZ-2  dp p
So equilibrium when z = 0 or %;ff —
d Vst

K =2k-2(p —ry) — 2mw?p

= 4k(p —1y) — 2muw?p
= 4kp — 4kry — 2mw?p
= 2p(2k — mw?) — 4kr,
Setting to zero:
2p(2k — mw?) = 4kr,

_ 2kry
P = 2k — mw?

This is physical (positive) only if 2k — mw? > 0, i.e., w < \/2% = wy.
Also need p, < R:



2kr,
—~ 0% <R
2k — mw? —

2kry < R(2k — mw?)
mw?R < 2Rk — 2kr,

Define critical frequency:

2k
Werit = —(1—%)20)0 1_%

where wy = \/ﬁ as given in part (d).

Summary of equilibria:

1. z = 0 (beads at equator): Always an equilibrium

2. p = p,, (equivalently, z = ++/R? — p2): Exists only for w < wq

Stability analysis

Use second derivative test. At z =0 (equivalently p = R):

d*Vig k
_p = 4k —2mw? =2m| 2— — w? | = 2m(w? — W?
dp2 ’pr m ( 0 )
: dV 4V, e g c a2y _
Since & = —d—p“ . ,5], stability in z requires dPQ“ >0at p=R.
o Ifw<wy=4/2E: % > (0 — stable
o Ifw>wy= 2%: % < 0 — unstable

Note that w, = wo\/q < wy-

At p = p,, (when it exists for w < w.;):
d* Vg
dp?

This is the same expression, which is always positive for w < wy,.

= 4k — 2mw? = 2m (w2 — w?)

The effective potential in p is:
2
Vite(p) = 2k(p —19)” — mw?p?

This is valid only for 0 < p < R. The equilibrium at z =0 corresponds to p = R, which is a
boundary of the allowed region.

For w < w,, there exists an interior equilibrium at p = p, < R. At this point dd—‘ﬁff =0 and
2
dd:;“ > 0, so it’s a stable minimum. The boundary point p = R then becomes unstable.

For w > w,, there’s no interior equilibrium (p,, > R would be unphysical), so p = R is the only

crit»
equilibrium and it’s stable.



Equilibrium positions:
For all w: z = 0 (equator, p = R)
For w < Wy 2 = 2, where z, = /R — p2 and p, = %Zf%
Stability:

For w < w:
o z = 0: unstable (interior minimum exists)

. z = £z, stable

For w > w .

o z = 0: stable (only equilibrium)

Critical frequency: w.;, = wy4/1 — 73 where wy = \/2%

This exhibits spontaneous symmetry breaking: below w

erit» the symmetric configuration (z =

0) becomes unstable, and beads move to asymmetric positions +z,,.

Part (c): Effect of gravity with tilted axis

When rotation axis is tilted by angle a about y-axis, with gravity § = —g2:

Original setup: z-axis is rotation axis After tilt: rotation axis makes angle o with vertical z-axis
In the tilted frame, gravity has components both parallel and perpendicular to the rotation axis.

Gravitational potential energy for the two beads:
o Bead 1: height h; = zcosa — pcos(wt) sin «
o Bead 2: height h, = —zcosa — pcos(wt + 7) sina = —z cos a + p cos(wt) sin «
Total gravitational PE:
Viay = mg(hy + hy) =mg-0=0

grav

With g = —g&, the gravitational potential is V = mgx for each bead.
For bead 1: z; = pcos(wt) For bead 2: x5 = pcos(wt 4+ m) = —p cos(wt)
So: ‘/grav = mg(xl + xZ) =1mg- 0=0

The gravitational contributions cancel due to symmetry!

However, if the axis is tilted through angle a about y-axis:
o New z’-axis (rotation axis) is at angle « from z-axis
e Gravity is in —z direction

The component of gravity along the rotation axis creates an effective force that breaks the
symmetry.

After tilt, in the rotating frame aligned with the new axis:
Vérav = mg(xl + $2)

where positions depend on «a.



Effect of tilted axis with gravity:

When « # 0, gravity creates time-dependent perturbations in the rotating frame. The effec-
tive potential gains a term proportional to 2mgp sin a cos(wt), breaking rotational symmetry
and causing forced oscillations at frequency w and parametric resonance effects.

For o = 0 (original problem), gravitational effects cancel by symmetry.

Part (d): Frequencies of small oscillations (a = 0)
Case 1: w > w,; (equilibrium at z = 0)

Near z = 0, expand V) to second order:
1
Vest(z) ~ Vess(o) + 5 Vet »(0)2°

From Vg, = 2k(p — ro)? — mw?p? with p = VRZ — 22:
Atz=0:p=R
dp z

dz|z=0 = —mb:o =0

e

d2p| _d B z _ 1 i 22 | _
d22""0 " d RZ—22) RZ—22 (R2—z2)5) "
So:

Py _ Vo (dp © AV d?p
dz2 '#=0 dp? \dz dp dz2

a2V % 1
_ gy ff|p:R.( )

dp? dp R

At equilibrium z = 0:

e __- =0
dz |z—0 p d,O p=R
This is automatically zero regardless of dd‘jjff p=R-

For the second derivative, use:

PV d (d%@)

dz2  dz\ dp dz
At z=0:
Pl [V (dp)* | dVerd?p |
dz2 =0 | dp? \dz dp dz2|'#°

_ dVs 1)
=043, lo-r ( R

_ 4kR — 4kry — 2mw?R
R

4k
= —4k + % + 2mw?

4kr,

= 2mw? + — 4k




? — W)
The equation of motion near z = 0 with p(0) = 2mg—z = 2m:
2mz ~ —2m(w? — w2y )z
£+ (@ W)z =0

For w > wgy:

Case 2: w < wy; (equilibrium at z = z)

At the off-equator equilibrium p = p,,, where dd—‘ﬁff = 0:

The curvature is:

av, k
V;ﬂp“ = 4k — 2mw? = 2m (25 — w2) = 2m(wi — w?)
Converting to z-coordinate with z, = \/R? — p2:
2mR?
wz,) = —
P

The effective restoring force:
2 2
d* Vg | Rw d* Vg _ | Pw 9 2,2
d2’zw_ o dz’pw_ o) 2m(wg — o)
2 P,/ dp Pu

Equation of motion:

2 2
2m A F=— (Z—“’) 2m(w? — w?)z

Pi Pu
2
Z= —%(w% —w?)z
2 _ 2
Z+ R R2p‘” (W —w?)z2=0

: 2 _ p2_ 2.
Since z;, = R* — pZ:

For small oscillations about z = z,,, the frequency is:
— Z(’J
T R?

At p = p,,, the second derivative in p coordinates gives the oscillation frequency directly.

0? (Wi — w?)



Oscillation frequencies (a = 0):

For w > w,,; (equilibrium at z = 0):

Q= V w? — wzrit
For w < wg,; (equilibrium at z = £z):

Q=4/wd —w?

where w, = \/2% and Wy = woy/1 — 2




Problem 2
[30 pts] Particles on rail

y A system consists of two identical particles P,
and P, of mass m connected by a light inex-
" | ' tensible string of length a. The particle P, is

o) m ) a constrained to move along a fixed smooth hori-
zontal rail and the whole system moves under

| - F (1) P, uniform gravity in the vertical plane through the

m rail.
(a) Using x and € as generalized coordinates, find the Hamiltonian of the system.

(b) Hence, obtain differential equations for  and 6 governing the dynamics of the system.

Part (a): Hamiltonian
Setup and coordinates

o Particle P : mass m, on horizontal rail at position z
o Particle B: mass m, hangs from P, by string length a
e String makes angle 6 from vertical

Choose origin on the rail at initial position of P, y-axis pointing downward.
Positions

P: (z,0)

P,: (x + asiné,acosb)

Velocities

R: (,0)

B (x + af cos 0, —af sin 0)

Kinetic energy

1 1 g 2 .
T=-mi?+=m [(w + af cos 0) + a?6? sin? 9]
2 2
1 1 ) ) )
= §ma’c2 + §m [:7‘:2 + 2¢af cos 0 + a?6? cos? 0 + a?6? sin? 9]
I 5,1 ) ., 242
=§ma: +§m[1’ +2xa000s0+a0]

. 1 .
= mi? + mzaf cos + Ema202
Potential energy

Taking the rail as reference (y = 0):
V = 0+ mga cos = mga cos 0

Lagrangian
. 1 .
L=T-V =mi*+ miafcosf + §ma202 — mga cos

Canonical momenta

10



dL

Dy = 2ma + mad cos 0

T di
dL .
pg = — = mad cos 6 + ma?0
do
Invert to find velocities
From the first equation:
. p, —mafcosf
T="—

2m
Substitute into the second:

g. Pz — maf cos 0

iy
= cos 0
Dy = Ma 5 ma
acosf ma? cos? 6 . ]
Po=—5 Pa— 5 0 + ma26

Py = ac;ssz 4 ma2é (1 _ 00322 «9)

acosf o 2 — cos? 6
Py = P, + maf| —————

2 2
0 2 .
2, 0t

5 2o —*5ps) _ 2py —ap, cost
ma?(2 —cos?26) ma?(2 — cos?0)

And:

. py, acosB;
=== 0
2m 2m

_ p, acosf 2p,—ap,cosd

" 2m 2m  ma?(2 — cos? 0)

_ p, cosf(2py —ap, cosO)
- 2m 2ma(2 — cos? 6)

Defining A = 2 — cos? 6:

D, A — apy cos b
2mA

T =

Hamiltonian

Using matrix inversion for the coupled momenta:

The kinetic energy in matrix form:

1., . 2m  macosf) (T
= 5[1’,0] (macose ma? > (9)

11



The mass matrix:

M= 2m  macosf
macosf ma?

Its inverse:

det(M) = 2m - ma® — (macosf)? = m?a®(2 — cos® 0) = m?a®A

M-l 1 ma?  —macosf
~ m2a2A \—macosf 2m

1 1 e
TmA\—= 3

1
H=: ,Ar1%)+v

1 1 __cos@ D
= — a xT 9

a

The Hamiltonian:

1 Do cos 0 pmcost9+2p9 Dy
S 2mA [T ’ Py

5 ) + mga cos 0
a a a
1 cos 6 cosf 2
[(pm =2 )pm + (_pm + %)pg} + mga cos 0
a a a

- 2mA

_ 1 2_pxpecos9_pwp9cost9+%
2mA |* a a a?

] + mga cos 0

1 2p,py cos O 2pg
=5 p?”_mT+? + mga cos 0
2 2p,.pgy cos O ng
T + 2
H:p “ i + mga cos 0

2m(2 — cos? 0)

Or equivalently:

a’p? — 2ap,p, cos O + 2p;

H =
2ma?(2 — cos? 0)

+ mga cos 0

Part (b): Equations of motion

Using Hamilton’s equations:

._dH , dH
dp,’ dp,
dH . dH

Pz =74z P97 "9

Calculate z:

12



d |a?p2 — 2ap,p, cosf + 2p7

= dp, 2ma’A

_ 2a’p, —2apgcosb  ap, — pycos b
B 2ma?A B mal

_ap, —pycost
~ ma(2 — cos?0)

Calculate 6:

d | a?p? — 2ap,pycos b + 2p2

j= L
dpy 2ma?A

_ —2ap, cosO +4p,  2py — ap, cos 6
B 2ma?A B ma?A

2py — ap,, cos O
ma?(2 — cos? 0)

é:

Calculate p,:

Since H has no explicit z dependence:

dH

——— =0
dz

Py =

This means p, is conserved (horizontal momentum conservation).

Calculate pj:

. dH
Py = de

From the Lagrangian: % = 0 (no explicit z dependence), so:

p, = 0= p, = const

And:

dL

W —mzafsin @ + mgasin @ = ma sinH(g — x'«9)

Dp = Ma sin@(g — x9)

Summary of equations:

From Hamilton’s equations or equivalently from Lagrangian formulation:

13



__ap, —pycosb
~ ma(2 — cos20)

_ 2py—ap, cosb
~ ma2(2 — cos26)

Py =0

Dp = Ma sinH(g — a:9)

Or in terms of z, 6 and their derivatives:

25 + af cos — af?sinf = 0

icosf+ ah = gsinb

14



Problem 3
[30 pts] Particle on rotating wire

y A particle of mass m can slide freely along a
light wire AB whose perpendicular distance to
the origin O is h. The line OC rotates about
the origin at a constant angular speed €. The
position of the particle can be described in terms
of the angle 6 and the distance ¢ to the point C.
The initial conditions are (0) = 0, ¢(0) = 0 and
q(0) = 0.

(a) Using ¢ as the generalized coordinate, find the Hamiltonian of the system.

(b) Is the total mechanical energy given by the Hamiltonian? Is the total mechanical energy
conserved? Explain.

(c) Obtain equation of motion using Hamilton equation of motion. Solve for ¢(t).

Part (a): Hamiltonian
Setup and coordinates

o Wire AB at perpendicular distance h from origin O

e Point C' is the foot of perpendicular from O to wire

o Line OC rotates at constant €, so 8(t) = Q¢ (with 8(0) = 0)
o Particle at distance ¢ from C along wire

Position in Cartesian coordinates

In the fixed (inertial) frame, with z-axis along initial direction of OC"
o Point C rotates: (hcos(§2t), hsin(Qt))
o Particle is at distance q from C along the wire
o Wire is perpendicular to OC, so along direction (— sin(§2t), cos(£2t))

Position vector:
7 = (hcos(Qt) + ¢sin(Qt))E + (hsin(Qt) — g cos(2t))y
Velocity
7 = [(—hQsin(Qt) + ¢sin(Qt) + ¢Q cos(Q))]z
+[(hQ cos(Qt) — G cos(2t) — ¢ sin(2))]7
[(G — h2) sin(Qt) + g€ cos(t)]2
+[(g — h€2) cos(Qt) — ¢ sin(Q)]§

Kinetic energy

Potential energy

15



y = hsin(Qt) — q cos(2t)
V = mgy = mg(hsin(Q2t) — g cos(2t))
Lagrangian
1
L=T-V= §m[(q — h)? + ¢?Q?%] — mg(hsin(Qt) — g cos(Qt))

Canonical momentum

dL
=& le— )
P=1 m(q )
i=2L 1 ho
m
Hamiltonian
H=pq—L
= p(£ + hQ) — 1m(£)2 + lquQQ — mg(hsin(Qt) — g cos(2t))
m 2 m 2
p? p?

1
= — + phQ — — — —mq*Q? + mghsin(Qt) — mgq cos(t)
m 2m 2

2
1
_ ;; +phQ — Smg*Q? + mgh sin(Qf) — mgq cos(Q1)

2
1
H(q,p,t) = §—m + Qhp — §m§22q2 + mgh sin(Qt) — mgq cos(Qt)

Part (b): Energy conservation
Total mechanical energy:

E=T+V

= §m[(q — h2)? + ¢*Q?] + mg(hsin(Q¢) — g cos(Qt))

Using p = m(q — hQ2):

=5m ( ) + mq2Q2 + mg(hsin(Qt) — g cos(2t))
— ;; + 5mq2Q2 + mghsin(Qt) — mgq cos(2t)
Comparing with H:
p2 1 p2 1
E—H="—+-mg*Q? — =— — Qhp + —-mQ?¢®> = mQ%¢®> — Qhp
2m = 2 2m 2

E—-H=mQ¢ - Qhp+0= H+E

The Hamiltonian does not equal the total mechanical energy.
Is energy conserved?

The Hamiltonian has explicit time dependence through sin(Qt):
dH

e = mgh§ cos(2t) # 0

16



Therefore the Hamiltonian is not conserved.

The total mechanical energy E also has explicit time dependence, so it is not conserved.

Energy analysis:

o Total mechanical energy: E = % + %quQQ + mgh sin(Qt) — mgq cos(§2t)
 Hamiltonian: H = 2— + Qhp — %mQ2q2 + mgh sin(Qt) — mgqcos(Qt) # E
. 4 — mghQ cos(Qt) # 0: Hamiltonian is not conserved

Total energy is not conserved

Reason: The rotating wire constraint is time-dependent (rheonomic), and external work is
done to maintain the rotation. The gravitational potential also has explicit time dependence
in the rotating frame.

Part (c): Equation of motion and solution

Hamilton’s equations:
dH
§== =2 4+ h0
dp m

dH
p= arrie mQ2q + mg cos(Qt)

. D
q_ -
m
= 0%q + gcos(t)

G — Q2%q = gcos(Qt)

General solution:

Homogeneous solution:
Gn(t) = C1 cosh(Qt) + G, sinh(Qt)

Particular solution: g, = A, cos(2t)
G, = —A, Q% cos(Qt)
—A, Q2 cos(Qt) — Q%A cos(Qt) = g cos(t)

9

4 =302

q(t) = C cosh(Qt) + C, sinh(Qt) — 2’# cos(0t)

Initial conditions:

q(0) = 0:
9

0201_292

g
=G =53

q(0) = 0:
§(t) = C,Qsinh(Qt) + C,Q cosh(Qt) + % sin(Q¢)
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q(t) = %[cosh(ﬂt) — cos(Q)]
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