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Problem 1
[20 pts] Spring pendulum

A mass m hangs from a massless spring (constant k, natural length ¢;) attached to a fixed pivot.
The system can move in a vertical plane under gravity.

Using suitable generalized coordinates, derive the equations of motion. Solve for small angular and
radial displacements from equilibrium.

Generalized coordinates

Use polar coordinates (r,0) where:
o r = length of spring (distance from pivot to mass)
o 0 = angle from vertical (positive clockwise)

Position and velocity

Position in Cartesian coordinates (origin at pivot, y downward):
x=rsinf, y=rcosf

Velocity:

& = 7sin 6 + 76 cos 0

§ =7cosf —rfsinf
Speed squared:

v? = 32 + 4% = 72 (sin? @ + cos? 0) + 1202 (cos? 0 + sin? §) = 72 4 r26?

Lagrangian
Kinetic energy:

[

T= §mv = %m(?'"2 + r292)

Potential energy (taking pivot as reference, y positive downward):
V = —mgrcosf + %k(r —4,)?
(gravitational PE is negative since mass hangs below pivot; spring PE with natural length ¢,)
Lagrangian:
L=T-V= %m(?’"2 + 7"292) + mgrcosf — %k(r —4,)?
Equations of motion

For r:



dL

T - mrf? 4+ mg cos 6 — k(r — £,)

dL i d (dLY) P
dr 7 dt\di )
Euler-Lagrange equation:

mi- = mré? + mgcos 0 — k(r — £,)

[ mi- — mrf? — mgcos 0 + k(r — £,) = 0 ]

For 6:
b _ mgr sin 6
o —
L . L . .
% = mr36, %(i—e) = m(2r7’~9 + r29)

Euler-Lagrange equation:
m(2r7"9 + 7“2@) = —mgrsin 6
2rif + r26 + grsinf =0
Dividing by r:

ré+2f‘9+gsin9:o ]

Or equivalently:

%(729') + grsinf = 0

Equilibrium position
At equilibrium: # = § = # = § = 0 and 6 = 0 (hanging straight down).
From the 7 equation with § = 0, § = 0:

0=mg— k(req —4)

mg
’I"eq = EO + 7

This is the equilibrium length: natural length plus extension due to weight.
Small oscillations about equilibrium
Let:
r(t) =Teq + p(t), 0(t) =e(t)
where p,e < 1 (small displacements).

Linearized radial equation



Substitute r = r,, + p, 6 = € into the r equation:
mp — m(req + p)é2 —mgcose+kp =0
The r equation is:
mi- = mré? + mgcos 0 — k(r — £,)
0=0,0=0):
0=mg— k(req — ﬁo)

At equilibrium (r = 7,,,
So: k(re, —4y) = mg
For small oscillations r = r,, + p, 6 = &:

mp = m(re + p)é2 + mgcose —k(ro, +p—4p)
Using k(req — EO) = mg and expanding to first order: cose ~ 1, €2 ~ 0:

mp ~ —kp

k
(2o
m

This gives radial oscillations with frequency:

Linearized angular equation
From 76 + 270 + gsinf = 0, substitute r =r., + p, 0 = €:
(req + p)é + 2p€ + gsine =0

For small €: sine ~ €, and dropping second-order term pé and product pe:

Teq€ + 96 =10
i+de—0
Teq

This gives angular oscillations with frequency:

e = |9 _ g _ gk
0 Teq Ly +mg/k kly + mg

Summary of small oscillation solution

The radial and angular motions decouple to first order:

k
p(t) = Acos(wnt +¢,), w =1

Radial:

Angular:



g

req

e(t) = Beos(wpt + pg), wy=

where A, B, ¢,., pg are determined by initial conditions.

Complete solution for small oscillations:

T(t) = Toq + Acos(\/%t + g0r>

0(t) = Bcos<\/rz;qt + g09>

where r,, = £y +mg/k




Problem 2
[20 pts] Time-dependent Lagrangian

Consider a system with Lagrangian:

1 1
Lig,d,t) = | gmd? — 3he?|

where v, m, k > 0 are constants.
(a) Derive the Euler-Lagrange equation. Are there any constants of motion? Describe the motion.

(b) Consider the point transformation Q = e"*/?¢. Find the new Lagrangian L’ (Q, Q, t) and its
Euler-Lagrange equation. Are there any constants of motion? What is the relationship between
solutions in the two formulations?

Part (a): Euler-Lagrange equation
Given: L = et [%mQQ — %qu]

Compute partial derivatives:

dL

d—q =] 6’Yt o (—kq) = —kqe"/t
dL
— =€’ - mg = mge"
dg

d /dL
@ (d_q) = mie +mq - e = 7 (mij + yma)

Euler-Lagrange equation:
7 (mg + ymq) = —kqe"*
Dividing by e"*:
mqg+ymq+kq=20

i+7q+wig=0 ]

where wZ = £.
m

This is a damped harmonic oscillator equation with damping coefficient .
Constants of motion

Check if energy is conserved. The Jacobi energy (generalized energy) is:
.dL [1

1
h = qd—q —L=¢ -mge" —et Em(f — §kq2]

. 1 . 1 1 . 1
= e [mq2 — §mq2 + §qu] =" [quQ + 51“12]

Taking time derivative:

dh 1 1
i et [Emcf + §qu] + €7 [mqq + kqq]
Using the equation of motion mg = —ymq — kq:



dh 1 1
|gmé? + 5he?| + dl—ma — kg + kg

1 . 1 .
= e [gqu + §kq2] — ymgPet
1 . 1 .
= et [iqu + §kq2 - mq2]
= yet [—lqu + 1kq2] #0
2 2

Therefore, the Jacobi energy is NOT conserved.

Since % # 0 (explicit time dependence), energy is not conserved.

No constants of motion (for generic initial conditions) ]

Description of motion

The equation § + v¢ + w2q = 0 describes a damped harmonic oscillator.
Define the discriminant: A = 42 — 4w2

Case 1: Underdamped (72 < 4w3)

Characteristic equation: r2 + yr + w2 = 0

R Ay I

2 Tyt

where w,; = \/w? — 1—2 is the damped frequency.

Solution:

r

q(t) = e "2 (A cos(wyt) + Bsin(wyt))

q(t) = e 20 cos(wyt — ¢)

where C' and ¢ are determined by initial conditions.

Case 2: Critically damped (7% = 4w?)

(repeated root)

Solution:

[ q(t) = (A + Bt)e /2 ]

Case 3: Overdamped (72 > 4w3)

Solution:



q(t) = Ae™' + Be!

where both 7,7, < 0 (exponential decay).

Physical interpretation: The time-dependent factor e?* in the Lagrangian acts as a gauge
transformation. The actual motion is that of a damped oscillator, with amplitude decaying as
e~ 742 (for underdamped case).

Part (b): Point transformation
Given transformation: Q = e7*/2¢
Inverse: ¢ = e "%/2Q

Velocity transformation:
= d (6 'Vt/QQ) = 'yt/2Q+Q ( 2)6 vt/2

dt
- (a-Ja)

New Lagrangian

Substitute into original Lagrangian:
1 1
L = 'yt|:_ '2__k;2:|
¥ |gma” — 5kq

(e o e

— ot [im(¢- 1) - Jre?]
(o 30y o
Expanding (Q — 2Q)" = ? —7QQ + L@

1 . 1 . 1
L'= §mQ2 — ;mYQQ + 5m Q2

5 kQ?

1
2

. . 2
-

L(Q.Q) = gmo> -7 QQ——(k— ™ >Q2

Note: This Lagrangian does NOT have explicit time dependence!

Euler-Lagrange equation in new coordinates

dL”  my . my?
Q-2 (’“ 4>Q

dr’ _ my
dQ 2



dfar\ . my.
E(dQ>'_mQ_7T

mQ—@.=—@'— (k—m’y2)Q

Euler-Lagrange equation:

Q+WQ:0]

2 _k_ 2 _ 2_2
where Q° = = — 2 = wg — .
Constants of motion in new coordinates

Check the Jacobi energy:

B = QdL. — L
d@

1 . 1 m'y2
A 24 - _ 2 _
E 2mQ + 5 (k 1 ) Q const

Since L’ has no explicit time dependence (dd—Lt/ = 0), this energy IS conserved!

Relationship between solutions
From Q = e"*/2q, we have q = e 7/2Q.
The equation for @ is simple harmonic motion (if Q2 > 0):
Q(t) = Acos(t) + Bsin(Qt) = C cos(Qt — @)

where Q = /w2 — %2 (assuming underdamped).

Therefore:



q(t) = e 2Q(t) = e "/2C cos(Qt — )

This matches the solution from part (a) with wy; = Q = y/w2 — 1—2!

Relationship:
The transformation Q = e7*/2¢ converts the damped oscillator into an undamped one.
Original system: damped oscillator with decaying amplitude
New system: simple harmonic oscillator with conserved energy

Solutions related by: q(t) = e "*/2Q(t)

Physical interpretation

The time-dependent Lagrangian L can be viewed as arising from a gauge transformation of
the simpler Lagrangian L’. The exponential factor e in L is absorbed by the coordinate
transformation, revealing the underlying simple harmonic motion. The apparent “damping” in
the g description is actually a consequence of the time-dependent coordinate system, not energy
dissipation.



Problem 3
[30 pts] Particle on rotating hoop

A particle of mass m can move without friction on a circular hoop of radius a that rotates at
constant angular velocity w about a vertical diameter.

(a) Write down the Lagrangian and identify any constants of motion.

(b) Locate the equilibrium positions of the particle. For w < w, and w > w, where w, = \/g , which
equilibrium positions are stable and which are unstable?

(c) For a stable equilibrium at angle 6, find the frequency of small oscillations about this position
when 6(t) = 6, + e(t) with |e] K 6,.

Part (a): Lagrangian and constants of motion
Coordinates

Use angle # measured from the top of the hoop (vertical upward direction). The hoop rotates
about the vertical diameter with constant angular velocity w.

In a coordinate system rotating with the hoop, the particle’s position is:
e Distance from axis: p = asinf
o Height below top: z = a(l — cosf) (or z = —acosf from center)
In the fixed (inertial) frame, if we use cylindrical coordinates (p, ¢, 2):
e p=asinf
o ¢ =uwt+ (angle in rotating frame) = wt (if we track particle’s azimuthal position)

o z = —acosf (taking hoop center as origin)

In the rotating frame, the particle has only one degree of freedom: 6. The azimuthal angle is
fixed in the rotating frame.

Velocity in inertial frame
Position vector:
7 = asin 0(cos(wt)Z + sin(wt)§) — acos 62

Velocity:

dr . .
U= d_: = af cos §(cos(wt)Z + sin(wt)P) + asin O(—wsin(wt)E + w cos(wt)y) + ab sin 62

Speed squared:
v? = a262 cos? 0 + a2w? sin? 0 + a6 sin2 0
= a26?(cos? 0 + sin? ) + a’w?sin? @
= a26? + a2w?sin? 0
Lagrangian

Kinetic energy:
1

1 . 1
T= §mv2 = §ma292 + §ma2w2 sin? 0
Potential energy (taking hoop center as reference, z positive upward):
V = —mgacos 6
* *

10



Lagrangian:

1 . 1
L= Ema292 + §ma2w2 sin? § + mga cos 0

Constants of motion

Since w is constant and L has no explicit ¢ dependence, the energy (Jacobi energy) is conserved:
-dL 1

. 1
E=0— —L=—-ma*0?> — —ma®w?sin® § — mga cos
do 2 2

Defining the effective potential:

1
Vesto) = —imoczw2 sin? § — mga cos 0

Conserved quantity: E = %ma292 + Vigr9) = const

Part (b): Equilibrium positions
Equation of motion

From Euler-Lagrange:

L
dr = ma?w? sin @ cos  — mga sin 6
dé
dL
— = ma?f
dé
d /dL .
= (—) = ma?0
dt \ do

Equation of motion:

2

ma?6 = ma®w? sin 0 cos § — mga sin O

6 = w2sinfcosh — gsine
a

3 = sin@(w2 cosf — 2)
a

Equilibrium conditions

At equilibrium: § =6 = 0
From 6 = sin O(w? cos — 2) = 0:
Either sinf = 0 or w? cosf — £ = 0.
Case 1:sinf =0
60 =0 (top) or 6= (bottom)
Case 2: w?cosf = £

cosf = —
aw

This has real solutions only if |$\ <1,ie., w?> % or w > w, where:

11



SIS

For w > w,:

g
0, =+ arccos(w)

(symmetric positions on either side of vertical)
Summary of equilibria:

o For all w: 6 =0 (top) and = 7 (bottom)
o For w > w,: additionally § = + arccos(#)

Stability analysis

Use effective potential:

1
Vesro) = —5m02w2 sin? § — mga cos 6

Or rewrite using sin? @ = 1 — cos? 6:

Vetto) = —imasz(l — cos? 0) — mga cos 0

2w?% cos?  — mga cos 0

1 1
= —émasz + Ema
Let u = cos6:

1
Vo) = const + Ema2w2u2 — mgau

Critical points:

dv.
— — ma2w?u —mga=0= u = —92
du aw
Second derivative:
d2 Vaff 2 2
=ma‘w* >0
du?

So u = —£3 is a minimum of Vj (stable).

At 6 =0 (top):

d* Vg
de?

lo—o = mga + ma*w? — 2ma®w? = mga — ma®w?

= ma(g — aw?)

2
o fw<uw, (ie, w? <) dYs > 0 — stable minimum

%‘%fo

o fw>w, (ie, w? > 2): S8 < 0 — unstable maximum

At 6 = w (bottom):
d*Vig
de?

lo—r = mga(—1) + ma?w? — 2ma’w?

= —mga — ma?w? <0
Always unstable maximum.

At 0 = arccos(;Z;) (for w > w,):

aw?

12



Let 6, = arccos(=23), so cosfy = ;.
a2V
dagff lo, = ma[g cos b + aw? — 2aw? cos® §]
B e , 2% alwi—g?
=ma| -5+ aw’ — — | =m———
aw aw w

42y, . .
For w > w, = \/g, we have a?w* > ¢2, so g5- > 0 — stable minimum.

Equilibrium stability:

For w < w,:
. 6 = 0 (top): stable
o 6 = (bottom): unstable

For w > w,:
. 6 = 0 (top): unstable
e 6= (bottom): unstable
o 6= tarccos(g/(aw?)): stable

Physical interpretation: Below critical speed w,, the particle prefers to stay at the top. Above

w,, centrifugal effects dominate, and the particle moves to tilted equilibrium positions where

c)
gravitational and centrifugal forces balance.

Part (c): Frequency of small oscillations
For a stable equilibrium at 6 = 6,), linearize about this point.
Let 6(t) = 0, + £(t) where |¢] < 1.

From the equation of motion:
6 = sin9(w2 cosf — 2)
a
Expand to first order in e:
sin @ = sin(f, + €) ~ sin 6, + € cos b,

cos = cos(fy + ) ~ cos b, — esin b,
€ ~ (sinf, + € cosb,) (w2(cos 0, —esinf,) — g)
At equilibrium: sin 6 (w? cosfy — 2) =0
Expanding;:
£ ~ sinf, - w?(cosf, — esinf,) + e cos b, (w2 cos 0y — g) —sin6y - g
Using equilibrium condition (either sin 6, = 0 or w? cosf, = £):
Case: 6, = 0 (top, stable for w < w,_)

sinf, =0, cosfy = 1:

For stability, w®> — £ <0 (i.e., w < w,):

13



Case: 6, = arccos(-Z;) (tilted, stable for w > w,)

(e

At this equilibrium: w? cos 6, = %. Using the effective potential approach:

_ 1 dVg
ma? db
Linearizing about 6,:
2
- _ 1 d V:eff‘ e
ma2 dg2 '%
s Vg 22 mg?
From earlier: —3 9, = Ma“w* — =3
2
g
E=—|w?—55|¢
a’w
2, 4 2
. a‘wt—g
€+ e=0
a?w?
2, 4 2 4
Vatwt —g w
Q=" —wy/1— —Z
aw w
* *

14



Problem 4
[30 pts] Rotating coordinate system

A particle of mass m moves in a potential U(r) (where r = || is the distance from origin). The
system is described in spherical coordinates (7,0, ¢) that rotate at constant angular velocity €
about the z-axis.

(a) Obtain the Lagrangian in the rotating coordinate system.

(b) Show that it can be written in the same form as in the fixed coordinate system, plus a velocity-
dependent potential U’ that gives rise to the centrifugal and Coriolis forces.

(c) From U’, calculate the radial and azimuthal components of the centrifugal and Coriolis forces.

Part (a): Lagrangian in rotating coordinates

Coordinate systems

Fixed (inertial) frame: spherical coordinates (7,6, ©g oq)

Rotating frame: spherical coordinates (r, 0, ¢,,,) rotating at angular velocity £ about z-axis
Relationship: @gyeq = @ror + 021

In the rotating frame, we use coordinates (r, 8, ¢) where ¢ = ¢,,.

Velocity in inertial frame

Position vector in spherical coordinates:

=4
|

<

>

where 7 is the radial unit vector.
In the inertial frame, the velocity is:
Q_jinertial =77+ 60 + rsin esbfixed@
where 6§ and @ are the standard spherical basis vectors.
Since pgyq = @ + Qt:
Phixed = P + {1
Therefore:
Vinertial — T + r0é +7r sin 0(@ + Q)@

Kinetic energy

1 1 .
T = Emviznertial =5m [7"2 +7r20% 4+ r2sin? (¢ + 9)2]
Expanding:
1 g
T=;m [#2 + r26% + r? sin? 0(p? + 200 + Q2)]
1 . 1
T = g™ [7’“2 + 726% + 72 sin? Hgbz] + mr? sin? 0Q¢p + §mr2 sin? Q2

Lagrangian

The potential U depends only on r = ||, so:

15



1 . 1
L= 3™ [1’”2 +7r26% + r? sin? 9gb2] + mr? sin? 0Qp + §mr2 sin? Q2 — U(r)

Part (b): Velocity-dependent potential
The Lagrangian in a fixed (non-rotating) frame would be:
Leq = %m [1'“2 + r262 + 2 sin? 9(,’02] —U(r)
Comparing with the rotating frame Lagrangian:
L = Ly q + mr?sin? Q¢ + %mrQ sin? Q2
The additional terms can be written as:
U = —mr?sin? 0Qp — %mr2 sin? 02

So:

L= Lfixed -U (’I“, 97 SD)

where:

1
U’ = mr?sin® 0Q¢p + imr2 sin? 62

This is a velocity-dependent potential (depends on ¢).
Generalized forces from U’

The generalized force is:

Q___dUQ+g_dU
T dg; | dt\ dg

For r:
dU’
dr

= 2mprsin? 0Q¢p + mr sin? 02

' _ . d(&/)_o

¥ @\ ar

Q, = —2mr sin? 0Qp — mr sin? 62

For 6:
dU’
dé

Qo = —2mr? sin 6 cos 0Q¢p — mr? sin  cos O

= 2mr? sin 0 cos Q¢ + mr? sin 6 cos 6Q?

For ¢:
dv’

dop 0

16



dU, = mr? sin? 69
de

Q,=-0+ %(mrz sin? 6Q2) = mQ%(rQ sin? 9)
= mQ(Qm’” sin? § + r2 - 2sin 6 cos 09)
= 2mf)sin 9(7"7'" sin 6 + r? cos 99)
Part (c): Centrifugal and Coriolis forces
The pseudo-forces in the rotating frame are the centrifugal force and Coriolis force.

From the velocity-dependent potential U’, we can identify:

Centrifugal potential:

U,

1 1
centrifugal — _§m7'2 sin? 00?2 = —Emﬂ2p2

where p = rsin @ is the perpendicular distance from the rotation axis.

The centrifugal force is:

Feanitugat = =V Ueentitugas = MO0
(outward, perpendicular to rotation axis)
Coriolis potential:
Ucorionis = —mr? sin? 0Q¢

This is velocity-dependent, giving the Coriolis force.

Components of forces

In spherical coordinates, the position-dependent parts of @,., Q, give:
From Q, = —2mrsin? Q¢ — mrsin? 0Q2:

o Centrifugal (from —mr sin? 6Q?):

2
E(centrlfugal) = mr Sin2 992 — mQQIO_
r

(outward radial component)

o Coriolis (from —2mr sin? §Q¢p):

E(Coriolis) = 2mr Sin2 0980

From Q, = —2mr? sin 0 cos 02 — mr? sin 0 cos HQ2:

e Centrifugal:

trifugal . .
Fé(cen Hel) — 2 sin 6 cos 002 = mr sin  cos 902 - 7

o Coriolis:

17



Fé(cori‘)lis) = 2mr? sin 0 cos 02

From @
The azimuthal force comes from:
Q, = 2mQsin 0(7‘7’“ sin @ + r? cos 09)

This is purely Coriolis (velocity-dependent):

Fso(cori"lis) = 2m$)sin 0(7“7'" sin @ + r2 cos 00)

(no centrifugal component in azimuthal direction, as centrifugal force is radial)

Summary in component form

Centrifugal force:
Ecm) — mQ2rsin? 0
Fb(cent) = mQ2rsin 6 cos O

Ftp(,cent) =0

Coriolis force:

EC) = 2mQrsin? 0

Fe(cor) = 2mQr? sin 0 cos H¢

Ffﬂ” = 2mQrsind (7'" sin @ + 76 cos 9)

Physical interpretation

« Centrifugal force: Points outward from the rotation axis, with magnitude mQ?2p where
p = rsin @ is the perpendicular distance from axis. Components:
» Radial: mQ2rsin? § (outward)

» Polar: mQ2rsinfcos @ (toward equator if in northern hemisphere)

e Coriolis force: Perpendicular to velocity in rotating frame, given by FCor = —2mf) x Uyt -
Components depend on velocities 7, 6, ¢.
Vector form
In Cartesian coordinates, these are:
Foontritugn = mQ2pp = m x (€ x 7)
F Coriolis = —2mg) x Urot,

where Q = Q2 and B, = 7 + 700 + 7 sin 0pp.
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