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Problem 1
[20 pts] Double Atwood machine

Consider a double Atwood machine as shown below. The center

pulley is free to move vertically and it has a mass M. The string

connecting the three masses is massless and inextensible. Masses

m, and m, hang on the left and right respectively from the fixed

pulleys. The acceleration of gravity is g. All three pulleys are
m1 mo frictionless so that the string slides freely over them.

(a) Obtain the conditions for static equilibrium from the principle of virtual work.

(b) Solve for the accelerations of all three masses from the d’Alembert’s principle.

Part (a): Equilibrium from virtual work
Setup and coordinates

Let:
o 1y, = vertical position of center pulley (mass M), measured downward from some reference
e y, = vertical position of mass m;, measured downward from its fixed pulley
e y, = vertical position of mass m,, measured downward from its fixed pulley

Constraint equations

For an inextensible string:
e On the left side: The total length from fixed pulley to m, is constant
e On the right side: The total length from fixed pulley to m, is constant
e The string connecting the two sides through the center pulley has constant total length

If the center pulley descends by dy,,, the length of string on each side increases by dy,,. If m,
descends by dy;, it uses up additional string of length dy; on the left.
For the left side, the constraint is:
Y1 — Ypr = const = dy; = oy,
Similarly for the right side:
Yo — Ypy = const = dy, = dy,,

Standard double Atwood machine configuration



The center pulley (mass M) hangs by a string and has m, and m, suspended from it by another
string. For the string connecting m; and m, through the movable pulley at M:

(1 —yar) + (Y2 — yas) = const
Taking the variation:
oY1 + 0y, — 20y, =0
0y + 0yy = 20y, (1)
Virtual work principle

The forces are:
o Weight of M: Mg (downward)
o Weight of my: m;g (downward)
o Weight of my: myg (downward)

Virtual work:
OW = Mgby,s + mygoy; + mygoy,

Using the constraint dy, + dy, = 2dy,,, we can express two variations in terms of one. Let dy,,
be independent, and choose dy; as another independent variation. Then:

0y = 20ypr — Oy,
Substituting:
SW = Mgéyns + myg6y, + mag(20ys — 6yy)
= Mgdoyys + my 90y, + 2mygdyn — mogoy;
= (M + 2my)gdy,; + (mq — my)gdy,

For equilibrium, §W = 0 for arbitrary independent variations:

m1:m2

The condition (M + 2m,)g = 0 cannot be satisfied for positive masses. This indicates that the
center pulley must be externally suspended (e.g., by a string over another fixed pulley). The
equilibrium condition for the masses hanging from the center pulley is simply m; = m,, which
makes physical sense: the two sides must balance.

Part (b): Accelerations using d’Alembert’s principle
The kinematic constraint from the geometry is:
ay +ay = —2ay, (1)
Applying d’Alembert’s principle, the virtual work including inertial forces is:
W = (Mg — May,)0yp; + (myg — myay)0y; + (mag — maay)dy, =0
Using the constraint dy, = —2dy,, — dy;:
(Mg — May)dyp + (myg —myay)8y; + (Mmag — moay)(—26yy — 6y,) =0
[Mg — May; — 2myg + 2mya0]0yps + [myg — myay — mag 4+ myag)dy; =0
For arbitrary independent variations, the coefficients vanish:
May; — 2mqyas = (M — 2my)g (2)
MG — Maay = (My —my)g (3)
May; —2mqya; = (M —2m4)g (4)

Substituting the constraint a, = —2a,; — a; into equation (2):



May; — 2mq(—2ay; — aq) = (M — 2my)g
(M + 4my)a,, + 2myay = (M — 2my)g (5)
From equation (4):
_ [May, — (M —2m,)g]
2my

)
Substituting into equation (5):

(M + 4my)ay, + (%) [May, — Mg +2m,g] = (M — 2my)g
1

I e

my my

[M(my + my) + dmymylay, = [M(my + my) — dmymyg

Gy =g- [M(my +my) — 4mymy]
M [M(my + my) + 4mymy]

Using equation (3) with the constraint:
mya; — my(—2ap — ay) = (my —my)g

(my +my)a; +2mgay, = (my —my)g

o [M(my + my) + dmymy]

From the constraint (1):

Mmo, —3Mm, + 4m,;m
2 1 1Mo
a, =@ -

2 [M(my + my) + 4mymy]




Problem 2
[20 pts] Pendulum in accelerating car

A pendulum with a massless string of length £

acceleration and mass m is attached to a moving car. The car
is accelerated uniformly at a along a horizontal

N\
/ & track starting with an initial horizontal speed vj.
The angle between the mass m and the vertical
gravity is denoted as 6.

(a) Obtain the equation of motion for §(¢) from the d’Alembert’s principle.

(b) Determine the angle, 6,,, when the mass remains at rest in stable equilibrium. Give an

expression for the tangent of this angle, tan6,,.

(c) Set 0(t) = 0, + €(t), that is, measure the motion with respect to the equilibrium position.
Obtain the equation of motion for £(t) for small oscillations around 6,, and obtain the angular
frequency of these small oscillation.

Part (a): Equation of motion from d’Alembert’s principle
Setup

The car is an accelerating (non-inertial) reference frame with acceleration a in the horizontal
direction (positive z-direction).

In the car’s reference frame, the pendulum experiences:

1. Gravitational force: mg (downward)

2. Pseudo-force (d’Alembert force): —ma (backward, opposing car’s acceleration)
3. Tension: T' (along the string toward pivot)

Coordinates
Use angle 0 from vertical (positive when pendulum swings forward in direction of car’s motion).
Position of mass in car’s frame:
x ={sinf, y= —Lcosb
(taking pivot as origin, y positive upward)
Velocity in car’s frame:
@ = {0 cos, Y= (0sin 6
Acceleration in car’s frame:
i = 00 cos O — £9? sin §
Y= 00sin @ + 062 cos 6
D’Alembert’s principle

In the accelerating frame, we add the pseudo-force —ma (horizontal, backward). The effective
forces are:

o Horizontal: —T sin § — ma (tension component + pseudo-force)

o Vertical: T cos @ — mg (tension component - weight)



D’Alembert’s principle states that the system is in “virtual equilibrium” when we include the
inertial forces —ma& and —myj:
—T'sinf@ —ma—mz =0
Tcos—mg—miy =0
Substituting the accelerations:
—T'sinf — ma — m(ﬁécosﬁ — 062 sin0) =0
T cos —mg — m(ﬁésin& + 062 0059) =0
—T'sinf — ma — méf cos O +mlf2sinf = 0 (1)
T cos 6 — mg — méfsin @ — mef? cos = 0 (2)
To eliminate T', multiply (1) by cos@ and (2) by sin6:
—Tsin 0 cos § — ma cos @ — mll cos® 6 + mlh? sinf cos 6 = 0
T sin 6 cos @ — mgsin @ — ml@sin? 6 — meh? sincosf = 0
—ma cos —mll cos?  — mgsin — mlhsin20 = 0
—macos @ — mlh(cos? O + sin? §) — mgsin§ = 0
—macosf — mlf — mgsinf =0

00 = —acosf — gsin

é-l—%sin&-l—%cosH:O

Or equivalently:

00+ gsinf + acosf =0

Part (b): Equilibrium angle
At equilibrium, § = 0 and § = 0, so 0 = 0., = constant.

From the equation of motion:

gsinf., +acosf, =0

. Ve a
tan 6, = sin —0,, = ——
cos

a
tanf,, = ——
9

The negative sign indicates that the equilibrium angle is in the backward direction (opposite to
the car’s acceleration), which makes physical sense: the pendulum leans backward.

If we define 6 as positive backward (opposite to car’s motion), then:



a
tanf,, = —
q

g

The equilibrium angle is:

0., = arctan (2)
9

Part (c): Small oscillations about equilibrium

Let 0(t) = 0, + €(t) where |e| < 1.
Substituting into the equation of motion:
e + gsin(f,, +¢) +acos(f,, +¢) =0
Using Taylor expansion for small e:
sin(@eq +¢) ~ sin 0o + €cos by,
cos(f,, +€) ~ cos,, —esinf,,

Substituting:

Ve + g(sin O, + € cos Oeq) + a(cos 0., — €sin Heq) 0
0

lé + gsinf,, + acosf,, + (gcosb,, —asinf,,)

The first three terms vanish (equilibrium condition gsin 6, + a cos 6, = 0):

lE + (g cos 0., — asin Geq) =0

From tanf,, = 7, we have sinf,, = \/angQ and cosf,, = \/aéngQ (for acute angles).
0 in Z =
gcosf,, —asinf,, =g ——s — 0 ———=
= =d /a2 + g2 /a? + g2

g% — a?

S Varg

The car accelerates forward (positive z), so the pseudo-force is backward (negative z). The
pendulum swings backward. If we measure 6 as positive when the pendulum swings forward (in
the direction of car motion), then at equilibrium, 6,, < 0.

From gsin#,, + acosf,, = 0 with 6., < 0:

gsinf., = —acosf,,

a
tanf,, = —— <0
q
g

S0 O = — arctan(%) (negative angle, pendulum leans back).

For small oscillations € around this:

. a . a
gcosf., —asinf,, = gcos (— arctan (—) ) —asin (— arctan (—) )
) g
a ) a
= gcos (arctan (—) ) + asin (arctan (—) )
g g



2 2
_ Y a _gta
_g.\/gz+a2+a.\/92+a2_\/92—|—a2_ g +a

Therefore:

e+ /g2 +a%e=0

2 2
FRCET

This is simple harmonic motion with angular frequency:

w2: /g2_|_a2

l
\ L V ¢

where g = /92 + a? is the effective gravitational acceleration in the accelerating frame.

Physical interpretation: The pendulum oscillates about the equilibrium angle 6., =

—arctan( %) with the same period formula as a regular pendulum, but with effective gravity
Jeit = V/ 92 + a? instead of g.



Problem 3
[20 pts] Ball with string

A uniform solid ball has a few turns of light string wound around it. The end of the string is held
steady and the ball is allowed to fall under gravity. Using d’Alembert with Lagrange multiplier,
find the acceleration of the ball and the tension in the string.

Setup

Let:
e m = mass of ball
e r = radius of ball
o [ = %er = moment of inertia of uniform solid ball about its center
o y = vertical position of center of ball (positive downward)
o 0 = angle of rotation of ball (positive when ball rotates as it descends)

The ball is subject to:
o Gravity: mg (downward)
o Tension: T (upward, applied at the rim where string attaches)

Constraint

Since the string is held steady and the ball unwinds as it falls, the constraint is:
y =160 (no slipping of string)

Or: § =rf and §j = r6

This is a holonomic constraint: f(y,0) =y —16 =0

D’Alembert’s principle with Lagrange multiplier

Virtual work done by applied forces (including d’Alembert forces):
W = (mg — mij)dy — 1660

The tension T is the constraint force (we don’t include it directly; it emerges from the Lagrange
multiplier).

The constraint is y — 76 = 0, so dy — 00 = 0 for virtual displacements.

Using Lagrange multiplier A:
W + Aoy — rdf) =0

(mg — mjj + )6y + (—I6 — Ar)36 =0
For arbitrary independent variations dy and 36:
mg—my+A=0 (1)
{Ié +ar=0 (2
From (2): A = —I¢

From constraint: § = 76, so 6 = %

Substituting into (1):



With I = %mrzz

The Lagrange multiplier A represents the constraint force. From A = —1I T%
\ Zmr? 5 2 5 2
= — . —_ = ——m - — = ——m
2 79T T I T T

The tension is related to the Lagrange multiplier. Looking at the force balance:

From equation (1): mg—mgy+ A =0

The actual forces on the ball in the vertical direction are gravity mg (down) and tension T (up):
my =mg—T

Comparing with equation (1): mg — mgj = —A\

2 2
T=-\= —(—?mg) = ?mg

Verification

Verifying using the rotational equation. The torque about the center of the ball due to tension:

7':T7“:It§:Ig
r

T=1 Y = %
2
v
Physical interpretation

The ball accelerates downward at %g, which is less than free fall (g) because the string provides
an upward tension force. The tension T' = %mg is less than the weight, so there’s a net downward
force causing acceleration.

The acceleration %g is the same as a ball rolling down a vertical surface without slipping, which
makes sense since the constraint (string unwinding without slipping) is mathematically equivalent
to rolling.



Problem 4
[20 pts] Particle on rotating incline

A particle slides on a smooth inclined plane whose inclination € in increasing at a constant rate
Q. If 6(0) = 0 at which the particle starts from rest from a distance z(0) = z, from the bottom of
the inclined. Obtain the equation of equation of motion from the Lagrange’s equation and solve
for x(t).

Setup
The incline angle increases as: 6(t) = Qt

Let z(t) be the position of the particle along the incline, measured from the bottom (positive up
the incline).

Coordinates in fixed frame

Taking the origin at the bottom of the incline:
o Horizontal position: £ = x cos = x cos(§2t)
o Vertical position: n = zsin 6 = z sin(¢)

Velocity
£ = i cos(Qt) — zQsin(Q)
7 = & sin(Qt) + 2 cos(2t)
Kinetic energy
L o (e2 . o
1
= im[(x cos(Qt) — zQsin(0))? + (2 sin(Qt) + 22 cos(t))?]
£2 = 2 cos?(Qt) — 222 cos(Qt) sin(Qt) + 22Q2 sin? (1)
n? = 22 sin?(Qt) + 2220 sin(Qt) cos(Qt) + 2202 cos? (Q)
€2 + 7% = #2(cos?(Qt) + sin?(Qt)) + x2Q2(sin? (Qt) + cos?(Qt))
— 32 1 2202
1
T = im(:r2 + 220?)
Potential energy
Taking the bottom of the incline as the reference (n = 0):
V = mgn = mgx sin(Qt)
Lagrangian

1
L=T-V = §m(m2 + 22Q?) — mgz sin(Qt)

Lagrange’s equation

drL
e mz? — mgsin(Qt)
x
dL .
i

10



dfdLy _
at\az) =™

mi = mzQ? — mgsin(Qt)

Lagrange’s equation:

[ i — 0%z = —gsin(Qt)

Solving the differential equation

This is a second-order linear ODE with time-dependent forcing:
i — Q2%z = —gsin(Qt)
Homogeneous solution
&, — D%z, =0

Characteristic equation: 72 — Q2 = 0

Particular solution

For the forcing term —gsin(Qt), try:
x, = Csin(Q2t) + D cos(§2t)
z, = CQ cos(2t) — D sin(0t)
&, = —CO?sin(Qt) — DQ? cos(Q)
Substituting into the ODE:

—C0? sin(Qt) — DN cos(Qt) — Q?(C'sin(Qt) + D cos(Qt)) = —gsin(Qt)
—CO? sin(Qt) — DN2 cos(Qt) — CO? sin(Qt) — DO? cos(Qt) = —gsin(Qt)
—2C0? sin(Qt) — 2DO? cos(Qt) = —gsin(Q)

—2002 = —g C=3
.
—2DN?2 =0 D

T, = 2’# sin(Qt)

|
o

General solution

z(t) = Ae® + Be % + 2’# sin(Qt)

Initial conditions

At t =0: z(0) = z, and £(0) = 0 (starts from rest)

11



z(0) = A+B+2g) sin(0) = A+ B =z,

2(t) = AQe? — BQe 2 4+ L 5 cos(Qt)

£(0) = AQ — BQ) —=O
(0) + 39
g
A-—B=-—-2_
20)2
A—B=—35
24 =120 — 5p A=3 —p
=
2B =y + 55> B=%4 %

Final solution

0= (3 - )+ (B 32)e o+ e

o(t) = (% o+ e7) + g (7% — ) + 57 sin()

= z, cosh(Qt) — W sinh(Qt) + W sin ()

—I_[sin(Qt) — sinh(Q2t)]

=z, cosh(Qt) + 502

z(t) = xy cosh(Q) + sin(Q¢t) — sinh ()]

g
202

Physical interpretation

The solution has three parts:
1. Growing exponential e**: As the incline steepens, the particle tends to accelerate away from

the bottom
2. Decaying exponential e~**: This component dies out quickly
3. Oscillating term sin(§2t): Periodic response to the time-varying gravity component

For large t, the e* term dominates, showing the particle accelerates up (or down) the increasingly

steep incline.

12



Problem 5
[20 pts] Block on cart with wheels

A Dblock of mass m is free to slide along the
inclined plane on the cart under the action of
gravity and the spring. The body of the cart has
mass M. Each wheel hass mass mass M, radius
r and moment of inertia I about its axle. A
constant force f is exerted on the cart. Denote g,
as the value of ¢ when the spring is unstretched.

(a) Using = and y as generalized coordinates, obtain the equations of motion from the d’Alembert
principle.
(b) Using = and q as generalized coordinates, obtain the equations of motion from the Lagrange’s
equation.

Setup

Let:
e x = horizontal position of cart
e y = position of block along incline, measured from some reference point on cart (positive
up the incline)
e g = absolute position of block along the incline measured from a fixed reference
e « = angle of incline
e k = spring constant
e ¢y = unstretched spring position

The relationship between coordinates: ¢ = (cart’s contribution) +y

Coordinate definitions
o x = horizontal position of cart (or equivalently, position of cart’s reference point)
o y = position of block along incline relative to cart (measured from cart’s reference point)
e g = absolute position of block along incline in a fixed frame

The incline is attached to the cart. If the cart moves forward by x, the entire incline moves
forward. The block’s position relative to the cart is y along the incline.

Part (a): Using coordinates (x,y) with d’Alembert’s principle
Kinematics
Cart position: x (horizontal)

Block’s position in fixed frame:
o Horizontal: £ = z + ycos a (cart position + component of y along horizontal)
o Vertical: n = ysina (component of y along vertical)

Velocities:

éza‘c%—ycosa

13



n=ysina
Accelerations:
£ =i+ jcosa
N =ysina
Wheels

Each wheel has mass M, radius r, moment of inertia I. For rolling without slipping;:

Uwheelzrwﬁwzmzz
T T
Kinetic energy of one wheel:
.\ 2
1 1 1 1 [z 1 I
— 093 2 .9 . .9
Twheel_ng +§IW —§MSL' +§I<;) —§<M—|-r—2)$

For two wheels:
IY.
Twheels = (M + T_Q) ?
Kinetic energy
Cart body: T, = 3M;a?
Block: T}, = %m({? + 172> = im[(z + ycosa)? + (ysina)?

N| —

= —m[z? + 22y cos a + §* cos? a + y? sin?

1
= 5m[wQ + 22y cos a + 3]
Total kinetic energy:
1 -2 '[ .2 1 .2 . . .2
T= §M1x +(M+ |z +§m[x + 22y cos a + y?]
7

1 I 1
= 5(Ml -|—2M-|—2—2-i—m>ai32 +m:tg)cosa+§mg)2
T

Let My = My + 2M + 2% + m (effective mass including cart, wheels, and block).

1 1
= o T2 + maycosa + §my2

Potential energy

Gravitational: V, = mgysin a (height of block)

Spring: V, = %k(y = y0)2 where y, is the unstretched position measured from the same reference
as y.

1
Vo= gk(y— Yo)”
Total potential energy:
1
V =mgysina+ sk(y — vo)?
D’Alembert’s principle

Virtual work including applied forces and d’Alembert forces:

14



Applied forces:
o Force f on cart (horizontal): f in z-direction
o Gravity on block: mg (vertical, downward)
e Spring force on block: —k(y — y,) (along incline, upward)

D’Alembert forces (inertial forces):
o Cart body: —M; & (horizontal)
« Two wheels: —2(M + Tiz)x (horizontal, combined)
o Block: —mé (horizontal), —mij (vertical)

Virtual displacements:
o Cart: dz (horizontal)
o Block: 6¢ = 0z + dy cosa (horizontal), dn = dysin « (vertical)

Virtual work:
W = fox — mgdn — k(y — yo)dy — M &dx — 2 (M + ré)méx — mé&SE — mijdn =0
Substituting virtual displacements and accelerations:
OW = féx — mgdysina — k(y — y,)d0y — M, i0x — 2 (M + ré) Tox
—m(Z + §cosa)(dx + dycosa) —mysina - dysina =0
W = féox — mgsin ady — k(y — yy )0y — [Ml +2M + 2%] Zox
—m(% + §j cos a)dx — m(F + §j cos a) cos ady — mijsin? ady = 0
oW = [f— (Ml +2M + 2;2):5 —mz —mycosa]éac
+[—mgsina — k(y — yo) — m& cos a — mgj cos? @ — mijsin® a|dy = 0

I
W = {f_ <M1+2M+2r—2+m)jc'—mgjcosoz]5:v

+[—mgsina — k(y — y,) — m& cosa —my|dy =0
For arbitrary independent variations dx and &y, the coefficients must vanish:

(My +2M + 2L + m)@ + mjjcosa = f (1)

md cosa + my = —mgsina — k(y — ) (2)

(M +2M + 2% + m)i + mjjcosa = f

mZ cosa +my = —mgsina — k(y — yo)

Part (b): Using coordinates (x,q) with Lagrange’s equation

Coordinate ¢ is the absolute position of the block along the incline. The relative position is y =
q— xcosa.

Kinematics with coordinates (x,q)

Block’s position in fixed frame:

15



E=x+ycosa
=z + (¢— xcosa)cosa
= zsin? o + gcos o

n =ysina
= gsina — xsin o cos o
é:j:sin2a+QCosoz

N =¢gsina — xsinacosa

Kinetic energy
€2 = (¢sin? a4 geosa)’

2 2

= 22 sin* o + 22§ sin? a cos a + ¢2 cos? a

n? = (¢sina — @ sin a.cos a)?

2 2 2 2

= ¢°sin? a — 2¢2 sin? a cos a + ©2 sin? a cos? a

€2 + 1% = 22sin* o + ¢% cos? a + ¢ sin® o + 22 sin? o cos? o

2

= 22 sin” a(sin? @ + cos? a) + ¢?(cos® a + sin? a)

=3?sin?a + ¢

ok = =m(2? sin? a + ¢?)

T

cart+wheels —

N = N =

I
(M1 +2M + 2—2)5c2
r

1 I 1
T = 5 (Ml +2M + 2—2)3&2 + Em(x2 sin? a + ¢?)
7
1 I - 5 @ = g
=—|M +2M +2— +msin®“a |2° + —mgq
2 i 2
Potential energy
V, = mgysina
=mg(q — zcosa)sina
= mgqsin & — mgz sin & cos «
1
V, = 3hlg— zcosa—qp)’
V = mggqsin @ — mgz sin o cos o
1
+§k(q —zcosa—qy)°
Lagrangian
L=T-V

1 I 1
= —| M; +2M + 2— + msin? a | 3% + =mg?
2 7 2

. . 1 2
—mgq sin & + mgzx sin & cos o — §k(q —xcosa—qp)
Lagrange’s equations

For coordinate z:

16



dL 1
— :mgsinacosa—§k-2(q—xcosa—q0) - (—cosa)

dx

= mgsinacosa + k(g — zcosa — q,) cosa

dL 1
— = | M;+2M + 2= + msin?a |2
dz 2
d /dL I . .
&(E) = (M1+2M+2r—2+ms1n2a)x

Lagrange’s equation with generalized force @, = f:
I
(M1 +2M+2— + m sin? a)i = f+ mgsinacosa
7

+k(q — xcosa — q,) cos

For coordinate ¢:

dL
Q = —mgsina — k(¢ — x cosa — q)
dL )
—=m
dg ~
d (dL) _ i
at\dg )~ ™
Lagrange’s equation (Q, = 0):
mg = —mgsina — k(¢ —xcosa — q)

With ¢ = xcosa +y and gy = yq:
g=dZcosa+7y
q — Tcosiaiss gy = Y = Yo

(M, +2M+2Tiz+msin2a)d§—k(y—y0)cosa=f+mgsinacosa

mi cosa+my = —mgsina — k(y — y,)
I .9\ . . .
M; +2M +2— +msin® a |& + mijcosa = f + mgsinacosa + k(y — yp) cosa + mijcosa
r

= f+mgsinacosa + k(y — y,) cosa +
[—mgsina — k(y — y,) — m& cos a] cos a

= f —mé cos? a

I
(Ml +2M+2—2+msin2a+mcos2a>:ﬁ+mycosa= f
r

I
(Ml —|—2M+2—2+m)5v'+mgjcosa= f
r

(M1 +2M+2Ti2+m):'i:+mg']cosa =f

md cosa + my = —mgsina — k(y — y,)
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