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Problem 1
[35 pts] Raindrop falling through mist

A raindrop is falling through a mist collecting mass as it falls. Assume that the drop remains
spherical and that the rate of accretion is proportional to the cross-sectional area of the drop
multiplied by the speed of fall. You may assume uniform downward gravitational field of magnitude
g, zero air resistance and the density p of the drop remains constant.

(a) Given that the initial radius of the drop is 7y, obtain a second-order nonlinear ordinary
differential equation for z(t) governing the dynamics of the raindrop as it is falling through the mist.

(b) Now, consider that the drop starts from rest when it is infinitesimally small, i.e. 7y ~ 0, solve
for z(t), 2(t) and 2(t).

Part (a): Deriving the equation of motion
Setup and mass accretion rate

Let m(t) be the mass of the raindrop at time ¢, and r(¢t) be its radius. Since the density is
constant:

4

m = —7Tr3p

3

The accretion rate is proportional to cross-sectional area 7r? times speed |Z|. Since the drop is
falling (taking downward as positive for v = z > 0):
dm
dt

where k is a constant with dimensions of density. Physically, k represents the mass density of the

= knriv

mist being swept up.

_ 4.3
From m = s7r°p:

Equating the two expressions:
dr
Anr?p— = kmriv
Pat

dr kv

di  4p
Variable mass dynamics - Rocket equation

For a variable mass system, Newton’s second law takes the form:



d d d
F™ = —(mwv) = m—v m

dt a TUa
For our falling raindrop with external force F*** = mg (downward):
dv dm
mg = ma + UE

Substituting %—T = kmriu:

mg = m% + v(kmrv)

d
md—:; = mg — knr2v?
Using m = %F’I”Bpt
4 d 4
§7rr3pd—1; = gwr3pg — knr2e?
Dividing by %’frT‘sz
dv 3kv?
7"_ JE—
dt 4p

— 3.
From m = 37r°p:

d k
d—TZ = 47rr2pd—: = 47rr2pﬁ = knr?v
This confirms the accretion relation. From m‘jft’ = mg — knr?v?:
4 d 4
( mr p) d: = (5777‘3,0)9— kmr2v?
dv 3kv?
dt & 4pr
Since v = ‘é‘j and d” =¥
_ 3kv?
97 Lpr(t)
where r(t) satisfies 9 = ’Zz with v = 4,

dr kv.

For r, ~ 0, we eliminate r to obtain a single equation. From & =

dt 4p°

r(t) = %/0 o(t')dt’ = kZ—(p)

Substituting back:

_ 3kve 4p v
— 4p kz z
3[dz]?
o, Sl
z

This is the second-order nonlinear ODE for z(¢) when r, & 0.

Part (b): Solution for ry ~ 0 starting from rest



For r, ~ 0, we have the equation:

. 3v°
i=g— —
z

with initial conditions z(0) = 0, v(0) = 0.
Using the chain rule zZ = v%:

dv B 302

Y z
Multiplying both sides by z:

d

zvd—z = gz — 3v?

zvdv = (gz — 3v?) dz

This is a first-order ODE. We seek a power law solution of the form v = Az® for constants A
and a.

Then % = aAz* ! and:
2(Az%)(dz>™1) = gz — 3(Az)?
QA2 = gz — 3A%2>

For this to hold for all z, we need 2a = 1, giving o = %

Then:
1
§A2z =gz —3A%z
Lo 2
7
A =
A=
7
Therefore:

To find z(t), we solve:

dz 29
a-V7v*

Separating variables:

d 2
d _ 2,
NE 7
Integrating:
_ g
2z =14/ =t+C
* *



With z(0) = 0, we have C' = 0:

The velocity is:

The acceleration is:

The raindrop falls with constant acceleration £, which is less than free fall acceleration g. As
the drop collects mass, the rate of momentum increase from accretion partially balances the
gravitational force, resulting in reduced acceleration. The factor of % emerges from the balance

between gravitational force and the momentum carried by the accreted mist.

Verification:
5=9
7
30t _3(0)° _, o 14426
z g% 49 gtz 49 7
Therefore:
302 6g g
—_ = —_——_— = —- = /
9= T T
* *



Problem 2
[30 pts] Chain on table

A uniform chain of mass M and length L is held at rest hanging vertically downwards with its
lower end touching a fixed horizontal table. The chain is then released.

(a) Assume that, before hitting the table, the chain falls freely under uniform gravity. Show that,
while the chain is falling, the force that exerts on the table is always three times the weight of the
chain actually lying on the table.

(b) Now, when all the chain has landed on the table, the loose end is pulled upwards with a
constant force M%. Find the height to which the chain will first rise. This time, assume that the
force exerted on the chain by the table is equal to the weight of chain lying on the table.

Part (a): Force on table during free fall
Setup and kinematics

Let y(t) be the distance fallen by the top of the chain at time ¢. Initially, y(0) = 0 and g(0) = 0.
The length of chain on the table is y, and the length still in the air is L — y.

The mass of chain on the table is:

My
Miable = T
The mass of chain in the air is:
M(L—y)
mair L
Force analysis using momentum
The airborne chain has mass m(y) = M(i_y) and velocity v = ¢. The momentum is:
M(L —
P = m(y)'y = (Ty)v

Taking the time derivative:

P M M(L—
dP  dm dv__( )U‘H (L—y)

@ - @'t T\ T

The net external force on the airborne portion is:

M(L —vy)
L

where N is the normal force from the table on the segment currently hitting the table.

Fet:mg_N: g_N

n

By Newton’s second law:

_ Mv? N M(L—y)gz M(L—y)

L L L
For the free-falling chain, § = g:

_M02+M(L—y) _ M(L—vy)
L L 7771

g—N (1)

g—N

For free fall from rest, v? = 2gy:



. M-29y_ 2M gy

N
L L
The total force on the table is the sum of:
1. Normal force from collision: N = —2]%‘”/
2. Weight of chain on table: %
2Mgy Mgy 3Mgy Mgy
Fiople = i7 + T I :3><T

E,. = 3 x weight of chain on table

Part (b): Maximum height with upward pulling force

The loose end is pulled upward with force FF = M g. Let h be the height of the loose end above
the table.

When a length h is above the table, the mass above is:

Mh

Mabove = I3

The portion of chain above the table experiences:
» Applied force ' = M (upward)
o Weight # (downward)

Using energy methods:
Energy approach

Initially, the chain is on the table at rest. Work done by applied force F' to lift height h:
Mgh

3

Potential energy gained by the lifted portion (center of mass at %)

Mh h  Mgh?

A = — — =
V="T93%" 3
Kinetic energy of the lifted portion:
1 Mh,
K=-"-h?
2 L
By work-energy theorem:
Mgh _ Mgh? 1Mhh2
3 2L 2 L
Dividing by %:
g 2
—— =gh+h
g 9
2gL
h? = —— —gh
3 g
At maximum height h_, , h = 0:
2gL
0=——gh
3 max



max 3
hmax = %
3

With an upward force equal to one-third the total weight, the chain can lift % of its length above

the table. The effective lifting force must overcome the weight of the portion being lifted, and
the balance point occurs at h = 2%.



Problem 3
[35 pts] Angular momentum

(a) Consider a system of point particles each with mass m,. With respect to the origin of an
inertial frame O, the position vector of the particle is respectively given by 7). In the lecture,
the time rate of change of total angular momentum of the system about the origin of the inertial
frame is found to be

L(t) — qext(t)

ext(t)

, where T is the total external torque about the origin of the inertial frame. Here, the internal

forces among the particles are assumed to obey Newton’s third law and central. The position vector
of the center of mass of this system of particle is denoted by Rcyy;). And, we have shown during
the lecture that the time rate of change of total angular momentum about the center-of-mass frame
is given by

> xt(t
LCM(t) = TSM( )

(t)

t(t) . .
, where 'T(e;;/[ is the total external torque about the center-of-mass frame. Now, we consider a

reference frame O’ at which the position vector of its origin is R(t) with respect to the origin of
O. Denoting the total mass of the system by M, show that

L (t) = 7% — MRy — R(t)] x R(2)

(b) A uniform circular hoop, of mass M and radius R, is lying on a smooth horizontal table at
which the hoop can slide freely. A bug of mass m can run on the hoop. The system is at rest when
the bug starts to run. What is the angle turned through by the hoop when the bug has completed
one lap of the hoop?

Part (a): Angular momentum in arbitrary reference frame
Setup and definitions
In the inertial frame O, let particle ¢ have position r; and velocity v; = 7;.

In frame O” at position R(t), the position of particle 7 is:
r'=r,— R
The velocity in frame O is:
v,=7 =7 -R=v,— R
Angular momentum about O’

The angular momentum about O is:
i i

Taking the time derivative:

r/ o v / / -/
L = E [m, 7 X v, +m;r; X U]
)

_ / / ’ o
= E [m,;v; X v; +m,T; X U]
i

The first term vanishes, so:



Since v; = v, — R:

Therefore:

Since r; = r; — R:
Zmﬂ"; = Zmz(rz —R)=MRyy — MR = M(Rcy — R)
i i
By Newton’s second law, m;v; = F; (total force on particle 7):
Zmir; X U, = Zr; X F, = 7/ 4 7/t
i i
Since internal torques cancel (7™ = 0):

’ . ~’ext
E m,r; X VvV, =T
3

Therefore:

L' =7 - M(Rc— R) xR

L/ (t) = 7= — M[Reyg) — R(1)] x R(2)

This result shows that angular momentum about an accelerating frame O’ is not simply equal to
the external torque. The additional term —M (Rqy — R) X R represents a pseudo-torque due to
the acceleration of the reference frame. When O’ coincides with the center of mass (R = Rqy)

or is inertial (R = 0), this term vanishes and we recover the standard result L’ = 7/¢.

Part (b): Bug on rotating hoop
Setup

A bug (mass m) runs on a circular hoop (mass M, radius R) on a smooth horizontal table.
Initially at rest. The table is frictionless, so there are no external torques.

Let 6 be the angle the hoop has rotated, and ¢ be the angle of the bug relative to the hoop.
Initially, (0) = 0 and ¢(0) = 0. When the bug completes one lap relative to the hoop, ¢ = 2.

Conservation of angular momentum

Since there are no external torques (smooth table, no friction), the total angular momentum
about the vertical axis through the center is conserved. Initially, the system is at rest, so:

L 0

initial —
Therefore, L(t) = 0 for all ¢.

Angular momentum components

The hoop rotates with angular velocity 0. Tts moment of inertia about the central axis is:
Lyoop = MR?



The bug’s position angle in the lab frame is 6 4+ ¢ (hoop rotation plus position on hoop). Its
angular velocity in the lab frame is:
d A

Whug = 3(04_@) :0+<P
The bug’s moment of inertia about the center is:
The total angular momentum is:

L = L0 + L (0 + ¢) = MR20 + mR? (0 + ¢)

= (M +m)R?*0 + mR?¢

Setting L = 0:
(M +m)d+mp =0

P

Finding total rotation

Integrating from ¢ = 0 to t = t; (when bug completes one lap):

0(t7) —6(0) = 57 [ (ty) = £(0)

With 6(0) = 0, ¢(0) =0, and go(tf) = 2m:

m - 21 2mm

e(tf):_M+m__M+m

The magnitude of rotation is:

2mm
|0(tf)‘ - M+m

The hoop rotates in the opposite direction to the bug’s motion. Since there’s no external torque,
the center of mass of the system remains stationary. As the bug runs around the hoop in one
direction, the hoop must rotate in the opposite direction to conserve angular momentum. The
lighter the hoop compared to the bug, the more it rotates. In the limit M — oo, the hoop doesn’t
move (6 — 0). In the limit M — 0, the hoop rotates nearly a full revolution in the opposite
direction (0 — 2m).
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