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Problem 1
[20 pts] Spiral trajectory
A point particle is moving in the zy-plane parameterized by ¢ as follows:
z(p) = apcosp, y(p) =apsing
, where a > 0 and ¢ > 0. Assume that the particle moves along the trajectory above with ¢(t) =

at where « is a constant.

(a) Calculate the Cartesian components of the velocity v, acceleration a, the radius of curvature
p and the radius of torsion o = % as a function of time t.

(b) Calculate the speed v as functions of time ¢.

Part (a): Velocity and acceleration
The position vector in polar form is:
T(p) = ayp cos pé, + apsin pé, = apé,
Using the chain rule with ¢ = at:
dr drde dr
V= —= —— = —Q
dt dedt de
In polar coordinates, r = ré, where r = ay:
dr dr de

=—¢€¢.+r

dp de "

Therefore:

For acceleration:

deé de
2 r A P
= ax +eée,+p—
[dso e TV a0 ]
. de, A dé, .
Using 5= = €, and = = —¢,:
a = aa’® [ésa +é,— goér] = aa? [(2é¥, — goé,,)]

Converting to Cartesian coordinates with ¢ = at, €, = cos p€, +singé,, and é, = —sinpé, +
COS €,



v = aa|(cos ot — atsinat)é, + (sinat + ot cos at)éy]

a = ao?[(—at cos at — 2sin at)é, + (—atsinat + 2 cos at)éy]

Radius of curvature

The curvature & is given by:
_ |lvxal
ICE

Computing the cross product (in 2D, we extend to 3D):

In polar form this is simpler:

vXa= aa(éT S cpéga) x aa? (2é<p — goe,,)

=é,and é, x €, = —€,:

vxa=a’a [(ér X 2é¢) + (30% X (_<Pér))] =a’a®(2+ ¢?)e,

Using €, x €,

The magnitude is:
v x al = a?a?(2 + ¢?) = a?a?(2 + a?t?)
The speed is:
[v]? = a?a?(1 4 ¢?) = a?a?(1 + a?t?)

Therefore:

K = =

a?a®(2 + a?t?) a(2 + a?t?)
[a202(1 + a2t2)]? 3

The radius of curvature is:

Radius of torsion

For a planar curve (motion confined to zy-plane), the torsion 7 = 0 everywhere since the curve
never leaves the plane. Therefore:

The infinite radius of torsion indicates no twisting out of the plane.
Part (b): Speed

From our calculation above:



v=|v| = aoy/1+ ¢? = a1+ o?t?

v(t) = aaV/ 1+ a?t?

The initial speed is v(0) = ac, and the speed increases monotonically with time as the particle
spirals outward.

Problem 2
[20 pts] Projectile with quadratic drag

A particle is projected vertically upwards with speed u, and moves under uniform gravity in a
medium that exerts a resistance force proportional to the square of its speed and in which the
particle’s terminal speed is V.

(a) Find the maximum height above the starting point attained by the particle and the time taken
to reach that height.

(b) Show also that the speed of the particle when it returns to its starting point is , /1%1—‘/{’/"2.

Setup

For vertical motion with upward positive, the equation of motion is:

md—: = —mg — kv?

The terminal velocity occurs when mg = kV2, giving k = 775 Substituting:

dv v? g
b TR A (R 2 2
di ( +Vo‘g> (1@>(V°°+”)

Part (a): Maximum height and time

dv _ ,,dv.

Using the chain rule @ = Cert

Separating variables:

v g
i = ()

Integrating from initial conditions (y, = 0,v, = u,) to general (y,v):
1 1 V2 402 gy
—In - @ - =<
2 \V2+ud V2
2 % 2 2\, 2975
Voo +ov* = (Voo + uO)e &

At maximum height, v = 0:

729 hmax

VZ=(V2+udle " v&

Solving for h,,.:



For the time, we use:
dv g
== _(W> (V2 + %)
Separating variables:
dv ( g )
=—(= ) de
V2 + 02 V2
v o g
rortan(g7) 18, = (57t
———arctan (—0> =— (%) tnax

Part (b): Return speed
On the way down, taking downward as positive and denoting the downward speed as w

() (&)ez-

dw
V2 V2

_Zg_

dt
Using C;—if = wi—z where y is measured downward from maximum height:
dw g
Wi = (W) (V2 —w?)
_wdy (i) dy
V2 —w? V2
Integrating from (y =0,w= 0) to (y = hmax7 w = Ureturn):
L (Ye—w') g
VZ Vi
At y = h‘max:
_l i Vo% — ’Ur26turn _ ghmax
2 V2 2
V2 — 2 h ug
111( 00 V2return> _ —29 ‘r/n;x _ —11’1(1 + V_g
Vo% — Ulgeturn _ 1 _ VO%
Vi 1+ Vetug



V4

V2 _ ’U2 —
0 return
V2 + ul

4 2 2 2 4 2,2

’1)2 _ V2 o Voo _ Voo(Voo + U’O) B Voo _ Voouo
" = = =
retun = Yoo T 73 02 V2 + 2 V2 + 2
v — Voouo

return
2 2
VVZE 4+ uf

The return speed is always less than the launch speed u, due to energy dissipation by air

resistance. In the limit V.| — oo (no drag), v — U, recovering energy conservation.

return

Problem 3
[30 pts] Electron in crossed electric and magnetic fields

An electron of mass m and charge —e is moving under the combined influence of a uniform electric
field Eyé, and a uniform magnetic field Byé,. Initially, the electron is at the origin and is moving
with velocity uyé,. Find the trajectory, z(t), y(t), z(t), of the electron in its subsequent motion.

Remark: The general path is called a trochoid which becomes a cycloid in the special case.
Cycloidal motion of motion of electrons is used in the magnetron vacuum tube which generates
the microwaves in a microwave oven.

Equation of motion

The Lorentz force on the electron is:
F=—e(E+vxB)

ma = —e(EOéy + v x Byé,)
Expanding the cross product:

v x B = (8, + yé, + #8,) x Byé, = By(i¢, — 4¢,)

x
Therefore:
ma = —e [Eoéy + Byzé, — Byyé,]
Component equations:
mi = eByy
my = —e(E, + Byz)
mz =20

Define the cyclotron frequency w, = % > 0:



Solving the z-component

From Z = 0 with initial conditions z(0) = 0, 2(0) = 0:

z(t) =0
The motion is confined to the xy-plane.
Solving the coupled xzy system
Differentiating the first equation:
el ew E
xzwcyzwc[——o—wcx']— e 0
m m
This gives:
. ew E
Ftwlit=——20
m

The homogeneous solution is:
zp, = Acosw,t + Bsinw,t
For the particular solution, try a constant: 2, = C:

ew E, N _ ek, _

0+ w?C = —
m mw

[

General solution for velocity:
E
& = Acosw,t+ Bsinw,t — =2
0

From & = w_y:
—Aw,sinw,t + Bw, cosw, t = w,y
y=—Asinw,t + Bcosw,t
Applying initial conditions
At t =0: 2(0) = ug, y(0) = 0:

Therefore:

. E, E,
T = u0+§0 coswct—g0

. Ey\ .
Y=— uo—i-B—O sinw,t

Integrating for position

o N

— W

Ey
By

x



With z(0) = y(0) = 0:

t
E E
t = 0 t/ o 0 dt,
x(t) /0 [(uo + —BO) cosw, —BO]

_ (Uo n %) sinw,t %
0 & 0

C]

¢ E
y(t) = / {— (uo + —0) sinwct’] dt’
0 By

( N EO) 1 —cosw,t
BO We
Final trajectory
( B, +E E,t
w. By B,
9 uyBy + Ey
t) = ——2(1 — t
yit) = "R (1 — cosu
z(t) =0
where w, = %.

The trajectory consists of cyclotron motion (circular motion due to the magnetic field) with
center drifting in the —z direction. The drift velocity is vy, = %2, which is the E x B drift.
The radius of the cyclotron orbit is:

R Wbt Eo _ m(uyBy + Ep)
w, B, eB?




Problem 4
[30 pts] Block sliding on helical track

A small block of mass m glides under its own weight W = —mgé, frictionless downward along a
helical track

r(t) = acosp(t)é, +asinp(t)é, + bp(t)é,
, where a and b are positive constants. The block starts its motion with ¢(0) = ¢, and ¢(0) = 0.
(a) Derive a second order ordinary differential equation for ¢(¢) governing the dynamics of the

block. Solve for ¢(t) and calculate the magnitude of the velocity v(t) of the block as a function
of time.

(b) Calculate the magnitude of the force F'(t) exerted on the block by the helical track as a function
of time.

Part (a): Equation of motion
The position vector is:
T = acospé, + asinpé, + bpe,

The velocity is:

v dr dr . [ nwe + . +bA].
= — = — = |—a Ssln pye a Cos e e
i~ ap’ $Ca Py TICIP

The speed is:
v? = a2p? + b2p? = (a2 + b?) 2

The acceleration is:

_dv A 5 4 pelo . 1.9
% [—a sin e, + acos e, + ez]go + [—a cos e, — asin cpey]go

Energy method

a

Since the track is frictionless, we use conservation of energy. Taking the initial height as reference
(2 =bepy):

5= %mv2 +mgz = %m(a2 + b2)p? + mgbyp
At t =0: E = mgby, (since ¢(0) = 0)
Therefore:
%m(a2 + b2)p? + mgbp = mgbep,

.5 2gb

wr = az—_l_bQ(SOO — )
Taking the time derivative:
2pp =~ L
a?+b2
For ¢ #+ 0:
. .



_ g
a2+ b2

This is constant acceleration! Solving with initial conditions ¢(0) = ¢y, ¢(0) = 0:

. gb
) = ————t
o) a? + b2

1 gb
t) =y — = t?
90( ) Yo 2(12 + b2

The mass descends, so ¢ decreases with time (note the negative sign is consistent since ¢ < 0).

The speed is:

b
()| = Va2 + b2 |p| = Va2 + B2 ¢

a? + b2

Part (b): Normal force

The forces on the mass are gravity F, = —mgé, and the normal force N perpendicular to the
track.

Newton’s second law:
ma = F,+ N
The normal force is perpendicular to the velocity. The tangent to the helix is:

v [—asinpé, + acos e, + be, |
|v| Va2 + b2

The component of gravity along the track:

N . [~asingé, +acos e, + be.] \ .
(IT'Q ’ t)t - (<_mgez) ’ \/m t
mgb :
va? + b2

The tangential component of Newton’s law gives:

dv mgb
MOy, = M— = ————
G T VR
This is consistent with our energy equation: % =Va?2+b2p=— \/ang'
The normal force satisfies:
N =ma — F,
Computing the acceleration with ¢ = —% and ¢ = _a’fﬁﬁ:

~ [rasinge, +aconge, +56.) (5257 ) + [acosie, —asimpe,) (25 )
a = |—asinpé, + acosype, + be, 2 102 acospe, — asin e, a2 + b2



N = ma + mge,

gbt

_ gb 9
a? + b?

_m[_a2+b2

The z-component:

(—a sin pé, + acos pé, + bé, + (

gb b2 mga?

The horizontal components:

N —m agbsing ag?b?t? cos ¢
a? + b2 (a2 + b2)?

N —m _agbcosp ag?b?t? sin ¢
Yy a2 +b2 (a2 +b2)2
Computing N? + N7:

(agbsinp)?  2a%g3b3t?sinpcosp = a?g*bit? cos? <p_
| (a2 +52)? (a2 + b2)° (a2 + b2)*

(agbcosp)?  2a2g3b3sinpcosp  a2gibittsin? o
| (a? +b2)? (a2 + b2)° (a2 4 b2)*

Adding these (note the cross terms cancel):

b)? 204pid
N2+ N2 =m? (ag—)2(sin2 ¢ + cos? ¢) + Lél(cos2 ¢ + sin? )
(a? 4 b2) (a2 4 b2)
(agb)2 a294b4t4

m2

@+8)7 " (@ + )"

m2a2g2h? [1 g2b2t4

(a2 + b2)? (a2 + b2)°

Therefore:
m2g2a’
(a2 + b2)?

2.2 2b2 2b2t4
\Ny2=N§+Ny2+N3=—mag [ 7

(a? + b2)° (a2 + b2)?

2.2 2 2b4t4
(a2 + b?) (a? +b?)

m292a2
(a2 + b2)?

(a® +b2) +

g2b4t4
(a2 + b2)°

mga g2bitt

N(t)| = 1+
INOI= e\ T e s )

Alternatively, factoring differently:

10

2
) (—a cos pé, — asin cpéy)] + mgéz]



a2 a2g2bttd
N(t)| =
P mg\/a2 + b2 * (a2 + b2)4

At t=0:

mga
A /a2 + b2

The normal force has a constant vertical component % and a horizontal component that

IN(0)] =

grows with time as the mass accelerates down the helix. The centripetal acceleration requires
increasing horizontal normal force to keep the mass on the curved track.

11



